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Editorial The actual application of preferential voting is
_ o quite widespread. To analyse the practical implica-
There are three items in this issue: tions of specific counting algorithms needs appro-

] ) . _priate voting data. The best data are from those
* Anton Buhagiar and Josef Lauri consider a Crilsje tions for which the complete profile of the votes
ical problem in the use of STV in Malta. Al-5r6 ayailable. Over the years, | have collected such

though STV is well established in Malta, thgjata  To encourage its use, | have now placed the
two-party system has the effect of expecting @y atht t p: // st v. sour cef or ge. net / for
higher degree of proportionality than STV caee qownload.

actually deliver. The authors propose a very in- apqther aspect of the openness of a preferential
teresting solution to this problem. voting process is the algorithm used. Due to the dif-

« Brian Wichmann provides a review of thdiculty in specifying algorithms precisely, it is surely

bookMathematics and Democraty Steven J best to provide the algorithm as open-source soft-
Brams. Although the book has almost nothinfae: The Australian Capital Territory passes both

useful to say about STV, it does contain sonfésts — the voting data is available and the count-

interesting analysis of preferential voting ant'9 progr?n;l IS c;pen source. How can we encourage
also techniques for resolving conflicts. others to follow

* Roger Sewell, David MacKay and lain
McLean have produced a paper which intro-
duces an aspect of voting not previously cov-
ered inVoting matters This is the use of a
non-deterministic algorithm using random se-
lection. This paper is substantially longer than
our usual, but it covers more — the relationship

with Arrow’'s Theorem and also the mathemat-
ical background (as an appendix). Readers are reminded that views expressed in

Voting matters by contributors do not neces-
sarily reflect those of the McDougall Trust or
its trustees.

The tutorial presented in the paper may well

encourage people to consider the concepts in
the paper seriously, in spite of the obvious

problems in its use in real elections.
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STV in Malta: A crisis?

1

A. Buhagiar, J. Lauri
University of Malta

Abstract

Malta is one of the relatively few countries
that uses the Single Transferable Vote Method
for its General and Local Council elections and
evento electits representativesin the European
Parliament. Since at least the election of 1981
the method has encountered serious problems
because it did not deliver as the winning party
the one which had the nation-wide majority
of first preference votes. Subsequent consti-
tutional amendments have tried to address the
problem. In this article we review the situa-
tion and propose solutions which address the
incongruence between the results delivered by
the system and what the Maltese electorate per-
ceives its voting intention to have been in terms
of first preference votes cast. We illustrate our
proposed solutions by working out what results
they would have given on some past general
elections in Malta. We believe that finding
a satisfactory answer to the problems which
the Single Transferable Vote has faced in Mal-
tese general elections is important not only for
Malta but also for anyone who is interested in
seeing the system gain more support.

Background

STV in Malta can be found in [6].) It appears that
from early on there were some problems with the
system [7, 12, 6], but nevertheless STV remained
and it is now considered to be an essential part of
the Maltese political scenario. In 1993 Malta had its
first Local Council elections and in 2004 its first Eu-
ropean Parliament elections [4], and these too were
conducted using the STV system. On 8 March 2008
Malta held its 22nd general elections using the Sin-
gle Transferable Vote system [5].

We take up the story from the General Elections
of 1981. These were held in a very politically
charged atmosphere and were contested by the two
large parties, the Malta Labour Party (MLP) and the
Nationalist Party (NP). Nationwide, the NP obtained
114,132 first preference (FP) votes and 31 seats in
parliament, and the MLP obtained 105,854 FP votes
and the remaining 34 seats [8]. This situation caused
a constitutional crisis and threw Malta into five years
of political and social turmoil. What happened in
1981 cannot be attributed solely to the STV system
but rather to the way the boundaries of the electoral
districts were defined.* The NP claimed that these
boundaries were the result of a deliberate exercise
in gerrymandering, and the perception that the final
allocation of seats was engineered was perhaps the
main cause of the turmoil that ensued. But what-
ever the reasons for this result, that period cemented
into everyone’s minds the importance that the seat
distribution in parliament should reflect the nation-

STV was introduced in Malta in 1921 by Leopoldvide distribution of FP votes. A result such as that
Amery, who then handled Maltese constitutional i9f 1981 is still considered and referred to as a “per-
sues on behalf of the Secretary of State. He wagrse” result by politicians from all parties, by the
encouraged to do so by Viscount Alfred Milner whélectors and by all political commentators in Malta.
was an honorary member of the then Proportiorflis this strong reliance on FP votes which will be
Representation Society. The Society was well iithe technical issue addressed in this pgper.
volved in the introduction of STV in Malta as evi-
denced by the fact that in 1920, Major Morrison Bell
from the Proportional Representation Society carﬁ' n of the number of voters in each district must be witht%

h . . of the average district size in order to avoid effects dudgtridt
to Malta to d|SCL_'S.S the workings of the system W'&zes. The only exception is the island of Gozo which remains
the Maltese political leaders who were very relugingle district thanks to a recent constitutional amendrpes

tant to adopt it. (A full account of the early years ofiding for an exception to this rule for the island. Each st
elects five seats.

t Exhaustive details about the Maltese General Elections

* Malta is divided into thirteen electoral districts. Theriva

For this publication, see www.votingmatters.org.uk
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In 1987, the Maltese Parliament approved a cohad some AD candidate obtained a seat due to later
stitutional amendment (CA) which laid down thapreference votes, a naive proportionality based on
a party which obtains an absolute majority of FPP votes would have necessitated around ten top-up
votes but not an absolute majority of seats in parliaeats and it is not impossible that a greater number
ment would be given the minimum number of topaould be required if a small party obtains an even
up seats to enable it to have an absolute majoritylofver number of FP votes nationwide but elects a
the seats in parliament [10, 11]. This amendmesgat through later preference votes in one district.
had to be invoked in the elections of 1987, 199@uch more serious, perhaps, is that the system en-
and 2008. The CA went a long way towards setourages tactical voting by the parties. If the MLP
ting the minds of the Maltese electorate at rest thladd anticipated the result and had wanted to, it could
elections will yield a fair result. But it did not gohave instructed its members to give second prefer-
far enough for another potential constitutional crence (and even some FP) votes to the AD candidate
sis to be averted. The CA only allowed for top-um some district and so losing one of its seats to AD.
seats for the largest party and did not give a majorhe 2007 CA would not have been invoked and the
ity of seats proportional to the majority of FP votesMLP would have gained control of parliament with
But, more seriously, it only catered for the possfewer FP votes than the NP.
bility that a party obtains an absolute majority of FP Clearly, the situation with the 2007 CA is still
votes. With the emergence of the third small, but netry unsatisfactory. The smaller parties argue that
insignificant,Alternattiva Demokratikaarty (AD), the system is biased against them because electors
the situation where no party obtains a majority déel that it is “dangerous” to vote for a smaller party,
votes was becoming more than a distant possibéven if it is with second or later preference votes,
ity. In 2007 the constitution was again amended tpsituation which runs counter to the spirit of STV.
cover the possibility of no party obtaining an absgand in general, the feeling is that the system does
lute majority of FP votes but this was only a partiaiot guarantee a fair reflection of voters’ preferences
solution [11]. The amendment allows top-up seahd that it is open to improper practices and gerry-
to be given to the party with the largest number ehandering. So another constitutional crisis is still a
FP votes, even if this number is not an absolute mgessibility. In fact, following the results of the last
jority, only if no more than two parties obtain seatglection the newly elected Prime Minister declared
in parliament. One can speculate whether the twieat it is imperative that Parliament should look into
large parties agreed on this form of the amendmethis issue and amend the electoral law. But the po-
in order to discourage voting for AD, but there cetential crisis does not only concern the political sit-
tainly is a technical difficulty in allowing propor-uation in Malta. It is also a crisis for STV because
tionality right down to a possible single seat by ghould Malta, the first country to adopt STV, decide
small party, since itis in the very nature of STV thab abandon the system, it would be quite a blow to
such a seat could be obtained through later prefetis method of conducting elections. We shall try,
ence votes so that basing proportionality of seats #nthis paper, to propose solutions which avert the
FP votes could necessitate an enormous numbeipessibility of another constitutional crisis in Malta
top-up seats. while preserving the use of STV.

Whatever the intention of parliament when en-
acting the 2007 CA, the results of the 2008 elec- )
tions showed how near Malta was to a repeat 8f Proposed solutions
1981. The NP, MLP and AD obtained, respectively,

143,168, 141,888, and 3,810 FP votes (with 1,68ne could perhaps rightly argue that the Maltese re-
FP votes going to other smaller parties) and 31, §ance on FP votes is not compatible with STV. STV
and 0 seats. The CA came into play and the NP wigs2 much more sophisticated system than straight-
given four top-up seats. But there was great specuf@rward proportionality based on FP votes, and the
tion before the elections that, because of the politiddialtese politicians and voters should adapt them-
situation holding in the 10th District, the AD cansSelves to this reality. We believe that although this
didate could inherit enough later preference votegint of view might be technically correct, it does
to be elected. If that possibility had occurred, wot address the problem. Reliance on FP votes has
would have had a repeat of 1981. On the other haf@w been firmly ingrained in the political mental-
ity in Malta, and it is, after all, not so unnatural es-

from 1921 to 2008 can be found in Professor John Lane’s we'BeCiallly for the average V.Ote.r who sees what hap-
site [9] pens in most other countries in the world. An elec-

2 \oting mattersissue 26
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toral system should serve to express the electoratgies of the matrix/. Then, the number of seats

wishes and not the other way round. Insisting thatlocated to party?; will be equal to the number of

the Maltese public should mend the way they loadntries amongst the largeStwhich lie in columni.

at STV could lead to a decision to scrap the systefim example of this procedure for the Maltese Gen-

entirely. This is an extreme position, and one whidkral Elections of 2008 is shown in Table 1.1.

we would not like to see happening. Although trans-

fer of votes across parties is very uncommon, itis ofable 1.1: Phase 1 of the d’Hondt pre-processing for the

ten clear that the Maltese electorate does send m¥altese General Elections of 2008. The quotients which
. i ive an elected candidate are marked with an asterisk.

sages to the political parties in the vyay they transf%ﬁ'e smallest of these entries is marked with two asterisks

their preferences amongst the candidates of the sam

So. the el . letel ) ang is essentially equal to the quota of a single seat. The
party. So, the electorate Is not completely naive Humber of seats assigned are therefore 33 for the NP, 32

its use of STV and does express wishes which gg the MLP and no seats for any of the other parties.
beyond the simple choice of which party is to ru

the country for the following five years. Moreover, NP MLP AD __ Others
if the political situation in Malta were one day tg 1 ~ 143468* 141888* 3810 1633
evolve beyond the present dominance by two par2 ~ 71734*  70944* 1905 817
ties, STV could be a strong tool in the voters’ hangs3 ~ 47823*  47296* 1270 544
to influence better the composition of parliament. |t4 ~ 35867*  35472* 953 408
would be a loss for Malta if this sophisticated way > ~ 28694*  28378* 762 327
of electing representatives were to be discarded. | 6  23911* 23648~

Our solutions are therefore intended to be sim-/ ~ 20495*  20270*
ple to apply and understand, to give a final resyi® 17934 17736*
which best reflects the voters’ intentions expresseé’ 15941* 15765
through FP votes, and to preserve as much as posé'i—0 14347*  14189*
ble the benefits of STV. Basically we are proposirn g11 13043*  12899*
the use of the d’Hondt system* in conjunction with 12 11956*  11824*
STV. There are two ways of doing this, either ug-13 11036*  10914*
ing d’'Hondt as a pre-processor or using d’Hondt tol4 10248*  10135*

calculate top-up seats. 15 9565* 9459*
16 8967 8868*

17 8439* 8346*
2.1 d’Hondt as pre-processor 18 7970*  7883*

: 19 7551~ 7468*
Suppose there are parties Py, Ps, ..., P, who, 20 7173 7094

on a nation-wide basis, obtain, v», ..., v, votes 21 6832+ 6757+
respectivelyt We assume throughout thay > | ,, 6521* 6449*
vy > ... > v,. Suppose thab seats are to be 23 6238 6169*
elected. The d’Hondt system is first used to deter—24 5978* 5912*
mine how these seats are partitioned amongst h§5 5739* 5676*
n parties. This can be simply done by construgt-oe  £5qgs 5457+
ing anr x n matrix H whose first row is the vec-| 57 531« 5255+
tor (vy,vs,...,v,) and theith row is the vector 28 5124 5067+
(%, %, ...,%). The number is taken to be the 29 4947 4893*
smallest number such that adding any more ro VS0 4782+ 4730*
will not change the positions of th& largest en- 31 4628* A577*

* *
* One can use other variations of d’Hondt, like Saintet- 32 4483 4434
Lagué, but we present our workings with the d’Hondt system33 4348** 4300
because we think it is simpler to follow. 34 4220 4173
T The method we present in this section was proposed by35 4099 4054
one of the authors in 1994 in two reports to the Gonzi Commis-
sion set up to review the Maltese electoral system. Althahgte 36 3985 3941
seemed to be a general positive attitude towards the prhosa 37 3878 3835
was eventually never taken up. A similar system but withriditst 38 3775 3747
returning one seat each is described in [1]. More detailsitibe
Gonzi Commission and the proposals presented to it can Inelfou
in [9] The second phase of the pre-processing consists

\oting mattersissue 26 3
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in allocating the seats obtained by each party to tttee jth entry in the priority queu& is i then thejth
respective districts. One straightforward way to deeat will be given to party’; and the district is de-
this is to allocate first the seats of the largest partgrmined by locating in which column (district) of
according to the percentage of votes it obtains iD; lies the largest entry which does not correspond
each district. These seats are then removed fréonan already assigned seat.

the number available in the districts, and the pro- The two matricesD;, Do corresponding to the
cess continues with the next party right down to thevo parties NP and MLP in the Maltese General
smallest party which has been allocated seats. Bfections of 2008 are shown in Tables 1.3 and 1.4.
simulations carried out with Maltese General EleGhe tables give the quotients and also, where ap-
tion results of past years it was found that this dogdicable, the corresponding order (in brackets) in
not always give satisfactory results [2]. It can hapvhich that quotient yielded a seat for the party.

pen, for example, that a single seat obtained by aHaving allocated the number of seats each party
small party is not allocated to that district in whiclobtains in each district, the process continues as
the party has obtained the highest percentage usual using the STV system with the one proviso
votes. This happens because when seats are that as soon as a party elects all its seats in a par-
tributed party-wise, all the seats of a given party witlcular district, ballots for the remaining candidates
have a higher priority over the choice of district thaof that party are eliminated and their votes are dis-
any seat of a smaller party. It could therefore happetibuted according to their later preferences. From
that a seat which was marginal for the larger pargfmulations carried out in [2, 3] using the d’'Hondt
could be assigned to a district which should hayiority queue this way gives an allocation of seats
been assigned to a less marginal seat of a smatiethe parties which reflects better their performance
party. in the respective districts.

To try and get round this problem we follow the In Table 1.5 we show the number of seats and FP
proposal put forward in [3]. We specify what we callotes obtained by different parties in different elec-
the d’Hondt priority queu&) which determines thetions held in Malta without and with (where appli-
order in which theS seats are to be allocated to theable) the CA, and the number of seats they would
respective parties. This is an ordered listofium- have obtained using the modified system we are
bers each if1,2,...,n} such that if theth entry proposing here.
in @ is j that theith seat should go to party);. The  This method has the advantage that it is simple
entries inQ) are very simply determined from the tato apply and understand, it reflects the opinion of
ble constructed during the first phase. The qu@uean electorate which gives prime importance to FP
records the order of the parties according to the destes, it quickly gives the result of the election,
scending order of the quotients in the matilx An  namely, which party or coalition of parties will lead
example of the d’Hondt priority queue correspongsarliament, and it removes the threat of gerryman-
ing to Table 1.1 is shown in Table 1.2, where insteat&ring or any other practice which could be per-
of the numbers 1,2 as entries in the queue we gigeived to be an abuse of the electoral process. It also
the abbreviations NP and MLPThe remaining ta- gives smaller parties which do not manage to obtain
bles are at the end of this article - Ed.) a quotain a single district but which receive a signif-

Having determined?), the third and final pre- icant nation-wide support the possibility of gaining
processing phase allocates the seats to the parties &eat in Parliament (Table 1.5 shows that in 1992
the respective electoral districts following the ordgkD would have obtained a seat with this method).
established by). This is done as follows. Supposéts main disadvantage is that it does not make it pos-
there ared districts and each district returiisseats sible for the smaller parties to obtain seats on the
(in Malta,d = 13 andk = 5). Then for each party strength of second or later preference votes. To cater
P; which has been allocated at least one seat in tloe this possibility we propose a second method of
first phase createfax d matrix D; whose first row using the d’Hondt system to supplement the STV.
is the percentage of FP votes obtained by the party
in the respective districts. Thgh row of the ma-
trix D; equals the first row divided by. The seats
are then allocated as follows. If the first entry of thelere we first count the ballots and elect candi-
priority queue is i then locate the largest entry indates in the usual manner. As before, we assume
the matrixD; and give a seat to part; in the dis- that there are: partiesPy, P, ..., P, who obtain
trict corresponding to the column where this largest, v, . . ., v,, FP votes, in non-increasing order, and
entry lies. Having allocated the firgt— 1 seats, if we suppose that the respective seats elected by the

2.2 d’Hondt as post-processor

4 Voting matterslssue 26
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parties in the normal STV election asg, so, ..., s, according to the above criterion. This is the same
(where somes; could be zero). We shall now usewvorking as in Table 1.1, but now we might need to
the d’Hondt method on the FP votes as above to cgle down more rows in the matrik in order to al-
culate the number of seatk, do, .. ., d, to be al- locate theMth seat. Referring to Table 1.1 we see
located to the respective parties. The final numbirat we need to go down to the 35th row, giving 35
of seats party?; wins will be the larger of; or d;. seats to the NP, 34 seats to the MLP, and no seats to
The question now is: how large should tligbe, the other parties, and this turns out in this case to be
and to what extent is proportionality with FP voteglentical to the top-up effected through the CA.
to be guaranteed? As we have already mentionedBut a better test of this method is when one party
insisting on strict proportionality right down to theobtains more than a half of the FP votes cast and
last seat obtained by the smallest party could letite STV election does not give it a majority of seats.
to an enormous number of top-up seats, especidllije situation is made even more interesting if an-
if some seats were obtained with few FP votes bather party obtains seats thanks to second or later
several later preference votes. We therefore procegeéference votes. So let us take the following as
this way. a hypothetical example. Suppose parties A, B and
First of all, let us define the total number of seats get 148,308 (51%), 140,000 and 2,492 FP votes
allocated to partyP; to beT; = max{s;,d;}. It respectively, and that the STV election gives them
could very well happen that; = d; and therefore 31, 33, and 1 seat, respectively. Therefore a correc-
party P; receives no top-up seat. But it could alstion is required since party A has an absolute ma-
happen that; > d; because the d’Hondt method igority of FP votes. This correction should give party
based on FP votes and paftycould have won seatsA at least one more seat than parties B and C to-
thanks to later preference votes. In this case dfso,gether. Moreover, the low number of votes obtained
gets no top-up seats. Top-up seats are only gairgdparty C indicates that its one seat has been ob-
if d; > s;. We then employ the following heuris-tained thanks to later preference votes. The d’Hondt
tic criterion. The d’Hondt method will be continuedable for this hypothetical election is given in Table
until M seats are allocated to all parties, whéfe 1.6. From this table we see that we need to stop at
is the smallest number such that the total numberlafe 35 of the d’Hondt table, for this is the first in-

seatsT, Ty, . .., T, obtained by the respective parstance which gives a distribution of seats satisfying
ties satisfy: the above criteria. Stopping at line 35 and taking
the largest 69 entries in the matrix gives Party A 35

1. T >T,>T3> ... > T, and seats, Party B 33 seats and Party C no seats. Com-

bining this with the one seat obtained in the STV
election by Party C gives a distribution of 35, 33

The number of top-up seats given to each pafi” | 8 TS RE T D 1S e o s
will then beT; — s; provided this difference is pOSi_Thpe fizal result gives ag al:?solute majority of S(gats to .
tive, otherwise the party gets no top-up seats. 9 jority

Since the number of top-up seats will be relativelparty A corresponding to its absolute majority of FP

small in comparison with the total number of seatsOtes I . . .
. Note that if, in this hypothetical election, Party

T;, the way they are allocated amongst party candi- ) ; .
dates is not very critical in our view. They could ng had obtained two instead of one seat in the STV

given to the candidates who are left “hanging fro lection, then we would have had.to go down to row
' : 6 and allocate seats corresponding to the 71 largest
the first phase and who end up with the largest num-=, """~ . . . .
) . _—entries in the matrix. This would have given a total
ber of votes, or they could be assigned accordlnggo S .
some pre-declared party lists Istribution of seats to parties A, B and C of 36, 33
' and 2. The number of top-up seats would therefore
We again use the results of the 2008 election to e 5 to Party A and none to the other parties.
lustrate the method. We have seen that in this elecFinally, as in Table 1.5 we give in Table 1.7
tion the NP, the MLP and the AD obtained 143,468, comparison between the results obtained by this
141,888 and 3810 FP votes, respectively. STV actmethod and the actual results of the Maltese Gen-
ally gave 31 seats to the NP, 34 seats to the MLP aaihl Elections since 1987.
no seats to the AD. To restore proportionalitythe CA This second method probably preserves better the
had to be invoked to give four seats to the NP. In onature and spirit of STV. From the point of view of
proposal, the d’Hondt method will be used to detethe smaller parties, it retains both the possibility of
mine the number of seats the parties should obtahocating seats on the basis of a nation-wide total

2. ifvg > Z?:Q v; thenTy > Z?:QTZ

\oting mattersissue 26 5
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number of FP votes and also on the basis of segsing the CA.
ond or later preference votes. One can even consider
modifying the nature of the votas, vo, ..., v, oOn
which it is based to make it respect better the spirit

of STV. For example, instead of taking them to bgyithmetic alone cannot determine which is the
the respective parties’ FP votes one could take thgrest election method. Other considerations are
ballots remaining after the first phase using STyhnortant, not the least being the electorate’s ex-
and lettingv; be the number of candidates of partyectation of what its vote is supposed to mean. We
i which appear as the highest candidate in thegglieve that the two related methods we are propos-
remaining ballots. This, however, has the disaqqg in this paper give a good compromise between
vantage of delaying the declaration of the final rne aims of the STV system and the expectations
sult. In a country like Malta, where a 93% voting an electorate that FP votes should determine who
turn-outis considered surprisingly low compared g 5 run government for the subsequent five years.
other years, and where everything almost comes#@oosing between these two systems is, in our opin-
a standstill awaiting the outcome of the elections, 3 5 political choice between two equally accept-
inordinate delay in knowing the result of the generglje methods. We believe that the issue of STV in
elections can cause political tension and this is NQiaita is of interest not only to the Maltese elec-
an issue which should be ignored. Also, with suchygrate. If STV cannot be shown to be flexible
choice for thev;, there would be the risk of havingenough to accommodate the expectations of an elec-
a result which does not reflect the parties’ FP votegyate in one of the few countries which has been
which goes against the point of this exercise in thgsing it for over eighty years, then it would be more

first place. difficult for the system to be widely accepted and

~The main disadvantage of this method is thahtroduced where it has not been tried before.
since it allows small parties to get seats with later

preference votes and therefore possibly with a Ig& K led t
overall total of FP votes, the number of top-up se cKknowledgmen

might be top large. prever, in the present pOIItLI"he authors would like to thank Douglas Woodall,
cal context in Malta this does not seem to be a ve

likely possibility. And even if we go further back‘r]}‘élmes Gilmour, Brian Wichmann, Stephen Todd and

. . vid Hill for very stimulating di ions which
in Malta’s electoral history when the present tw David or very stimulating discussions c

party dominance had not yet been established,%e'p(ad us to write this paper, and especially to

e . . . .
. . Bouglas Woodall for detailed discussions especially
vv_ould find that t_he occurrence of a small party erin connection with the d’Hondt post-processing
ning seats despite having a small number of FP votes

. . S method. We are also grateful to Brian Wichmann
is very rare indeed. The onlytime it happened was|n . ) .

. [Qr encouraging us to write this paper. Of course,
1947 when the Jones Party obtained two seats wigh €€ . :

any misrepresentation of STV or of election meth-
3664 FP votes, an average of 1832 FP votes per se % in aeneral in our bronosals is our own
and the Gozo Party obtained three seats with 549 9 prop '
FP votes, an average of 1830 FP votes per seat [9].
But in 1947 there were 105,494 voters to elect 4bhe authors
seats (an average of 2637 voters per seat) whereas )
in the last general elections the average numberBfth authors are professors of mathematics at the
voters for each of the 65 seats was 4475. Thefdhiversity of Malta. Anton Buhagiar was asked by
fore although the method dealt with a scenario |i8€ Gonzi Commission to write a report on the Mal-
the second hypothetical election above quite well {gS€ Electoral System which included the method
nevertheless seems that such a situation with a pa?fpPosed in Section 2.1. Josef Lauri was a member
obtaining two STV seat with 2492 FP votes or evepf the Electoral Commission of Malta from 1987 to
less is not very likely to occur. 1993.
Applying this method would therefore seem to

give very reasonable results which respect the eleg- References
torate’s wish for proportionality with FP vote and at
the same time does not penalise the smaller partigd. M. Balinsky. Fair majority voting (or How to
Table 1.8 summarises the results which this method eliminate Gerrymanderingfmerican
would have given for the Maltese general elections Mathematical MonthlyFebruary 97-112
since 1987 and compares them with the results given 2008,

Conclusion
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Table 1.2:Phase 2 of the d’Hondt pre-processing for the Maltese GdriEections of 2008, the d’Hondt priority
queue with the corresponding quotients. This gives therandehich the seats will be allocated to each party in the
next phase.

d’'Hondt Party Seat Seat | d’'Hondt Party Seat Seat

quotient winning number  numberquotient winning number  number
seat for party overall seat for party overall

143468 NP 1 1 6832 NP 21 41

141888 MLP 1 2 6757 MLP 21 42

71734 NP 2 3 6521 NP 22 43

70944 MLP 2 4 6449 MLP 22 44

47823 NP 3 5 6238 NP 23 45

47296 MLP 3 6 6169 MLP 23 46

35867 NP 4 7 5978 NP 24 47

35472 MLP 4 8 5912 MLP 24 48

28694 NP 5 9 5739 NP 25 49

28378 MLP 5 10 5676 MLP 25 50

23911 NP 6 11 5518 NP 26 51

23648 MLP 6 12 5457 MLP 26 52

20495 NP 7 13 5314 NP 27 53

20270 MLP 7 14 5255 MLP 27 54

17934 NP 8 15 5124 NP 28 55

17736 MLP 8 16 5067 MLP 28 56

15941 NP 9 17 4947 NP 29 57

15765 MLP 9 18 4893 MLP 29 58

14347 NP 10 19 4782 NP 30 59

14189 MLP 10 20 4730 MLP 30 60

13043 NP 11 21 4628 NP 31 61

12899 MLP 11 22 4577 MLP 31 62

11956 NP 12 23 4483 NP 32 63

11824 MLP 12 24 4434 MLP 32 64

11036 NP 13 25 4348 NP 33 65

10914 MLP 13 26

10248 NP 14 27

10135 MLP 14 28

9565 NP 15 29

9459 MLP 15 30

8967 NP 16 31

8868 MLP 16 32

8439 NP 17 33

8346 MLP 17 34

7970 NP 18 35

7883 MLP 18 36

7551 NP 19 37

7468 MLP 19 38

7173 NP 20 39

7094 MLP 20 40

8 Voting matterslssue 26
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Table 1.3:The matrixD for the NP for the thirteen districts. The numbers in the fiost give the percentage of votes
obtained by the NP in the relevant district multiplied by Ithe numbers marked by an asterisk show the order in
which seats are assigned.

I I m v v Vi vl vl IX X Xl X XHI
493 319 357 373 383 453 478 565 611 632 613 586 553
1 493 319 357 373 383 453 478 565 611 632 613 586 553
*13 *25 *23 *21 *19 *17 *15 *9 *»  *1  *3 7 *11
2 246 160 178 186 191 227 239 283 306 316 307 293 277
*39 *65 *61 *57 *53 *43 *41 *35 *31 *27 *29 *33 *37
3 164 106 119 124 128 151 159 188 204 211 204 195 184
*63 *55 *49 *45 *47 *51 *59
4 123 80 89 93 96 113 119 141 153 158 153 147 138
5 9 64 71 75 77 91 96 113 122 126 123 117 141
Seats: 3 2 2 2 2 2 2 3 3 3 3 3 3

Table 1.4:The matrixD for the MLP for the thirteen districts. The numbers in thetficsv give the percentage of
votes obtained by the NP in the relevant district multiplisd10. The numbers marked by an asterisk show the order
in which seats are assigned.

I I 11 v Vv VI VIL VI IX X Xl Xl Xl
497 667 625 615 603 536 506 414 362 339 357 390 429
1 497 667 625 615 603 536 506 414 362 339 357 390 429
*14 *2  *4 *¢6 *8 *10 *12 *18 *22 *26 *24 *20 *16
2 249 333 312 308 301 268 253 207 181 170 179 195 214
*40 *28 *30 *32 *34 *36 *38 *48 *56 *62 *60 *54 *44
3 166 222 208 205 201 179 169 138 121 113 119 130 143
*42 *46 *50 *52 *58 *64
4 124 167 156 154 151 134 127 103 90 85 89 97 107
5 99 133 125 123 121 107 101 83 72 68 71 78 8pb
Seats: 2 3 3 3 3 3 3 2 2 2 2 2 2
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Table 1.5:Results for some Maltese General Elections compared witloriit pre-processing

Election Party FP votes Seats Top-up Seats  Totdl Seats
Year obtained  obtained numbegr obtained
with STV  with CA of seats|| with d’Hondt
pre-processing
1987 NP 119,721 31 4 35 33
MLP 114936 34 0 34 32
AD 511 0 0 0 0
1992 NP 127,932 34 0 34 34
MLP 114911 31 0 31 30
AD 4186 0 0 0 1
1996 NP 124,864 34 0 34 32
MLP 132,497 31 4 35 33
AD 3820 0 0 0 0
1998 NP 137,037 34 0 34 34
MLP 124,220 31 0 31 31
AD 3208 0 0 0 0
2003 NP 146,172 35 0 35 34
MLP 134,092 30 0 30 31
AD 1929 0 0 0 0
2008 NP 143,468 31 4 35 33
MLP 141,888 34 0 34 32
AD 3810 0 0 0 0
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Table 1.6: A hypothetical election result. The d’Hondt table is conéd until Party A gets an absolute majority of
seats, counting also the seats obtained in the STV election.

Partl Party A PartyB Party G
148308 140000 2492
74,154 70,000 1,246
49,436 46,667 831
37,077 35,000 623
29,662 28,000 498
24,718 23,333 415
21,187 20,000 356
18,539 17,500 312
16,479 15,556 277
10 14,831 14,000 249
11 13,483 12,727 227
12 12,359 11,667 208
13 11,408 10,769 192
14 10,593 10,000 178
15 9,887 9,333 166
16 9,269 8,750 156
17 8,724 8,235 147
18 8,239 7,778 138
19 7,806 7,368 131
20 7,415 7,000 125
21 7,062 6,667 119
22 6,741 6,364 113
23 6,448 6,087 108
24 6,180 5,833 104
25 5,932 5,600 100
26 5,704 5,385 96
27 5,493 5,185 92
28 5,297 5,000 89

Part2 Party A PartyB Party C
29 5,114 4,828 86
30 4,944 4,667 83
31 4,784 4,516 80
32 4,635 4,375 78
33 4,494 4,242 76
34 4,362 4,118 73
35 4,237 4,000 71
36 4,120 3,889 69
37 4,008 3,784 67
38 3,903 3,684 66
39 3,803 3,590 64
40 3,708 3,500 62
41 3,617 3,415 61
42 3,531 3,333 59
43 3,449 3,256 58
44 3,371 3,182 57
45 3,296 3,111 55
46 3,224 3,043 54
47 3,155 2,979 53
48 3,090 2,917 52
49 3,027 2,857 51
50 2,966 2,800 50
51 2,908 2,745 49
52 2,852 2,692 48
53 2,798 2,642 47
54 2,746 2,593 46
55 2,697 2,545 45

O©oOoO~NOUIA~,WNE

Table 1.7:Top-up seats for Maltese General Elections since 1987 uligndt post-processing and the CA

Election Year Top-up seats with d’Hondt Top-up seats with CA
1987 5 to the NP 4 to the NP

1992 1tothe NP, 1 to AD CA not invoked

1996 6 to the MLP, 1 to AD 4 to the MLP

1998 None required None required

2003 2 to the MLP Not invoked

2008 4 to the NP 4 to the NP

\oting mattersissue 26 11
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Table 1.8:Results for some Maltese General Elections compared whtlonidt post-processing

Election Party FP votes Seats Top-up seat$op-up seats
Year obtained  obtained obtained
with STV with CA with d’Hondt
post-processing
1987 NP 119,721 31 4 5
MLP 114936 34 0 0
AD 511 0 0 0
1992 NP 127,932 34 0 1
MLP 114911 31 0 0
AD 4186 0 0 1
1996 NP 124,864 34 0 0
MLP 132,497 31 4 6
AD 3820 0 0 1
1998 NP 137,037 34 0 0
MLP 124,220 31 0 0
AD 3208 0 0 0
2003 NP 146,172 35 0 0
MLP 134,092 30 0 2
AD 1929 0 0 0
2008 NP 143,468 31 4 4
MLP 141,888 34 0 0
AD 3810 0 0 0
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Review — Mathematics and Democracy

Brian Wichmann perhaps it should be used instead of STV? The book
Brian.Wichmann@bcs.org.uk does not attempt to answer such a question since
there is no logical flow in the information presented
to address the issue. For instance, itis not until page
1 Introduction 87 that it is mentioned that there is no perfect elec-
toral system.
This book [1] is not a conventional one, since the The first chapter presents a very interesting anal-
material from each chapter has been previously pusis of AV in the context of a single winner. It is
lished by the author, typically with a co-author. Thigossible to consider that each voter ranks the candi-
implies a lack of cohesion between the chapters tates and then decides where the line between ac-
for instance, the teriNash equilibriumis not de- ceptable and unacceptable comes to undertake the
fined before use. Hence the reader would be weljpproval ballot. Using this model, one can consider
advised to consult the Glossary. | would have fouRfe effect of each voter changing the approval line in
a list of abbreviations useful. The book does Nnfis/her vote. Itis hardly surprising that the change in

have a logical flow — I would have expected ithe approval line can result in many different candi-
would start with a statement of the relevant impogrtes being elected. The chapter also compares AV
sibility theorems [4, 3]. with Condorcet which often gives the same result.

The book reflects the technical interests of Profegne material would seem to advocate Condorcet as
sor Brams rather than being a comprehensive tregigch as Av. Very many small examples are used to
ment of the topic as given in the title. Itis clear thafjystrate the logical issues which are helpful in un-
he has no interestin STV since the transfer of a siferstanding the details of AV. Due to the impossibil-

plus is not mentioned nor is the Droop quota. jty results with electoral systems, it seems to me that
statistical analysis of the observed behaviour of AV
2 Approval Voting would be useful, but no such analysis is presented

in this book. Here, the otherwise very helpful ex-
Professor Brams is an advocate of Approval Voamples can be a disadvantage if they illustrate situ-
ing which therefore features prominently in thations which do not arise in practice. In general, a
book. He states that thilathematical Associa- reasonable case is made for AV when there is just
tion of America the American Statistical Associa-one seat.
tion and thelnstitute of Electrical and Electronics |t js clear that AV and preferential voting are by

Engineersall use AV. (The abbreviation AV is usedno means equivalent, although Brams has shown
in this article alone for obvious reasons.) By wapat they can be usefully compared. However,

of comparison, the corresponding UK organisatioggme other systems certainly are equivalent (in some
are theLondon Mathematical SocigttheRoyal Sta- sense), as with the Supplementary Vote used for the
tistical Societyand theBritish Computer Societsll | ondon mayoral elections and the two stage vote
of which use STV by Meek’s method. Itis claimeq,sed in the French Presidential elections. (Strict
that the UN Secretary-General is chosen by AV, bafuivalence cannot be expected since, for instance,

I could find no support for this [2]. an event between the two votes could influence the
Since with approval voting one merely ticks thosgsgyt.)

candidates one ‘approves’ of, it is reasonable to

think of AV as beina simpler than preferential vot The consideration given to the use of AV for
. 0 as being simpler than preterential Vo, , o than one seat is extraordinarily unconvincing.
ing. Hence if AV satisfies conditions for an electio

Mhe problem here is that AV is not a proportional
For this publication, see www.votingmatters.org.uk system which implies that various additional rules
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need to be introduced in almost all practical eleon such issues would seem problematic unless al-
tions. All these changes to vanilla AV seemd- ready codified, such as the apportionment of seats
hoc and extremely elaborate in some cases. Horthe US House of Representatives.

instance, it is suggested that AV combined with Another example of fair division considered in
preferences should be analysed using integer pegre chapter is that of distributing a number of in-
gramming which is known (in general) to presemiivisible items amongst some parties. For instance,
problems in computational complexity. How coulé could be the distribution of heirlooms from an es-
a voter possibly understand what has happenedtige. (In this case, we ignore the possibility of selling
his/her vote? STV is sometimes criticised from an item which would obtain cash which could then
lack of transparency, but such a version of AV woulge divided.) Here, no real example is considered
be totally opaque. but a detailed mathematical analysis is undertaken.
The conclusion from this analysis is that significant
problems arise unless the number of heirlooms is
greater than the number of people to receive them.

The second part of the book is very interesting. Th One chapter considers a more complex form of
: par X Ty INteresting. d‘?vision which is calledAdjusted WinnefAW). The
classic application of this theory is to divide a cake

. i . . eneral objectives are proportional and envy-free di-
into two: one person applies the cut, while the other”. . i .
. : : vision. The approach is to start by listing the issues
decides which portion to take. More elaborate ver- : i
) . : - " nvolved, trying to make them as separable as possi-
sions of this type of approach are considered in de- . . ; )
) . : . . . __ble. The parties then weight these issues. The higher
tail. In fact, the interest is often in practical applica-

tions in which the theory wasotapplied! weight implies that the solution is likely to involve

There i resentation of the decision-maki winning on that issue. Fairly simple numerical cal-
€re IS a presentation of the decision-ma lations can then be used to ascertain the optimal
process in the US Supreme Court. The nine jud

. i ution.
tend to either agree (27 cases of this), or have averyA detailed Vsis | dertak f |
close decision (5 versus 4 in 24 cases) — all the re- very detailed analysis Is undertaken of apply-

maining positions are less frequent. This is hard|2g this method to the Camp David Accord. The au-

surprising in view of the political desirability of hay-11Of suggests (I think rather optimisticallyiat AW

ing a consensus judgement. There is some evidelrlrt]:'@ht well have expedited this agreement, per-

that the intermediate cases move to the two extren{éaso"\slvby .twi 907r3th_rrehe %g;_rs ?ftir the Yom Kip-
as a result of discussion and that this bi-modal dig¥'" Vvar in - The diiiculty here seems to me

tribution appears in other contexts. that people would be reluctant to try a mathematical-

Another interesting example is that of Choosingbased method instead of conventional ‘bargaining’.

. - 2. 8n the other hand, the method clearly obtains a so-
cabinet within a coalition government. Here, the exs ion very near to the actual agreement and with
amples are outside the USA. Say that there are thr'”e'%. Y 9

igh degree of transparence. The example shows

a
n]at merely specifying preferences would not be ad-

3 Fair Division

coalition parties, A, B and C with six ministerial ap-

pointments to make. A reasonable approach WOL}

be for the parties to make their choices in the ordgguate here.

ABACBA assuming that the relative strengths are A

> B > C. Here a mathematical analysis can be made .

assuming that each party has its own preference fist Conclusions

of appointments. Perhaps unsurprisingly, the result

of the analysis shows non-monotonic behaviour afteaders o¥oting mattersvill no doubt be surprised

also that insincere choices can be advantageous,aisProfessor Brams’ dismissal of STV in favour of

suming perfect knowledge. One has to conclude thspproval Voting. If one ignores that issue, then

the conventional practice of a lengthy discussion tere is much of interest in the book. The relation-

not about to disappear in favour of a more formship between AV and preferential voting given in the

procedure. first two chapters appears to give support for Con-
The start of the process of filling cabinet postdorcet.

is the question of apportionment even before a se-Since the book chapters are extracted from previ-

guential choice sequence is determined. There i®as publications, there is nothing new here. Also,

brief comparison of apportionment methods whidhe use of mathematics is sometimes very helpful

shows that the different methods vary in the way tlad on other occasions unlikely to be of interest to

smaller parties would be handled. Again, agreemethie wider public. Surely the use of the Lebesgue
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measure (p295) is not a requirement of understand-
ing voting methods.
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Probabilistic electoral methods, representative
probability, and maximum entropy

1
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Abstract

A probabilistic electoral system is described
in a context accessible to readers not familiar
with social choice theory. This system satisfies
axioms of: identical treatment of each voter
and of each candidate; universal domain; fair
representation of the pairwise preferences of
the electorate; independence of irrelevant alter-
natives; and clarity of voting for pairwise out-
comes; and hence Arrow’s other axioms (weak
Pareto and no dictator) are also satisfied. It
produces in an information-theoretic sense the
least surprising outcome given any candidate-
symmetric prior beliefs on the voters’ prefer-
ences, and is shown to be able to compromise
appropriately in situations where a Condorcet
winner would not be elected top under many
other systems. However, difficulties can arise
with this system in situations where one politi-
cal party is permitted to flood the candidate list
with large numbers of their own candidates.

The empirical properties of this system
are explored and compared with the systems
known as “Majority (or Plurality) Rule” and
“Random Dictator”.

We also make the case for using a proba-
bilistic system even in the simple 2-candidate
case.

Introduction

will refer to this solution as the “Maximum Entropy
\oting System”.

The problem has been recognised since Aristotle.
Madison, Tocqueville, and J.S. Mill all discussed it
extensively. Madison’s solution is federalism. His
classic expositions in the Federalist ##10 and 51 are
different, and arguably inconsistent, but both appeal
to the concept of an extended republic. In Federal-
ist #10 Madison argues that the extended republic,
as a matter of sociological fact, will be sufficiently
large that there will be no republic-wide faction ca-
pable of imposing its will on the minority by ma-
jority rule. In Democracy in America, Tocqueville
confirms this sociological fact for the USA as he ob-
served it in 1835. In Federalist #51 Madison argues
that ambition must be made to counteract ambition,
so that checks and balances, both vertical and hori-
zontal, restrain full-throated majoritarianism

J.S. Mill's approach is different, and in principle
it applies to democracies of any size and constitu-
tional structure, not merely to federal states. Chap-
ter VIl of his Considerations on Representative Gov-
ernment has the self-explanatory, if tendentious title
‘Of True and False Democracy: Representation of
All, and Representation of the Majority Only’. Mill
here confronts the Aristotelian and Victorian night-
mare that a monolithic working class might (soon)
come to power and pass confiscatory legislation by
majority rule. He discusses various schemes for pro-
portional representation (PR), focusing mostly on
the (wildly impracticable) scheme due to Thomas
Hare. The Hare scheme is the ancestor of Sin-
gle Transferable Vote as applied for national elec-
tions in both parts of Ireland, in the Australian up-

We offer a solution to a classic unsolved problem &€F house, and in many clubs and societies. Hare's

democratic theory, viz., how to reconcile democra
with rights protection in a deeply divided society, a
illustrated by one in which 60% of citizens are Tal

ﬁ[iginal scheme was wildly impracticable because

treated the whole nation as a single district; vot-

1 Aristotle, Politics passim,especially 1319b-1320a; J.

and 40% are Short, and in which Talls and Shorigdison in The Federalist## 10 and 51; A. de Tocqueville,
are in zero-sum competition over public goods. Weemocracy in Americaspecially Vol. | chs Ill, IX-XVI; J. S.

For this publication, see www.votingmatters.org.uk

Mill, Considerations on Representative Governmespecially
chapter VII.
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ers would have had to rank impossibly large nuntike induced decision scheme (which ignores the or-
bers of candidates. The Australian and Irish impléering other than for its top place) must be RD.
mentations made Hare practicable by reducing dis-The authors believe that the symmetry axioms are
trict size. Both Irish implementations (north anthe most fundamental. Given these, we there-
south) were imposed by the British government bére cannot have both strategy-proofness and weak
fore Irish independence in 1920-21. The NorthefPareto without confining ourselves to RD, whose
Ireland implementation was designed to protect tleeaknesses will be discussed below. Further, most
minority Catholic community there, and the Irislwould consider that failure to meet weak Pareto is
Free State implementation to protect the minorityore serious than failure to be strategy-proof. The
Protestant community there. The latter remains approach we take therefore is to choose axioms
the constitution of the Republic of Ireland, althougtveaker than strategy-proofness in its place, while
the Protestant minority has dwindled to below thetaining the symmetry axioms and the weak Pareto
size that can be protected by the PR quota in ugmperty.
in the Republic (and has never been systematicallyHowever, most of the probabilistic systems that
persecuted). will be discussed coincide in the two-candidate case,
The scheme below starts from a point that end one of the first key points we want to make
well known, but little explored, in social choiceis that even in the two-candidate case, probabilistic
Satterthwaite (1975) proved that a direct implicschemes have very significant advantages over ma-
tion of Arrow’s Theorem was that all deterministigority rule.
choice functions are either dictatorial or manipula-
ble. Therefore, if you want a.f.un_ctlon that is nei» A tutorial exposition
ther, you should take probabilistic schermeseri-
ously. The best-known probabilistic scheme is thehe reader who prefers mathematical precision will
one called Random Dictator (RD) below. The idegyq it in the appendix section 9.)
goes back to ancient Greece, but has more recentlyrhe reader may first ask why there is any moti-
been strongly advocated by Amar (1984). A versiaption to replace the simple and apparently easy to
was proposed by Burnheim (1985) in ignorance gfyderstand system of majority rule (MR)Our mo-
the social choice implications. We take both its mefiyation is most easily seen by means of examples.
its and its demerits seriously and use it as a base {@fe general setting will always be that each voter
advance. expresses their preference by placing the candidates
Gibbard (1977) considered probabilistic decisio order, from first (most preferred) to last (least
schemes (which ultimately output a top candidalfieferred), and the electoral system then gives an
with no ordering on the runners-up), and showeg;tcome, which also places the candidates in order
that given symmetry on candidates and voters, ti§m first to last. The number of candidates elected
combination of strategy-proofness and the weglf|| depend on the particular election; in some a sin-
Pareto property is enough to ensure that the schegg candidate is elected, in others several are elected
must indeed be RD. Moreover no probabilistic dgwho occupy the top few places in the outcome). By
cision scheme (not even RD) can guarantee t0 Pkgking this approach we tacitly assume that the or-
vide an output distribution over the candidates thgkring of the runners-up (if there is more than one

cannot be simultaneously bettered in the opiniQQnner-up) is an important part of the outcome of
of every single voter. McLennan (1980) extendege election.

these results to probabilistic social welfare functions
(whose ultimate outputis a strict total ordering ov
the candidates rather than just the identity of t
top candidate) to show that if the symmetry axiomalthough majority rule has been in widespread use
strategy-proofness, and weak Pareto are met, thenmany years, it has some important drawbacks.

?e‘l The problems with majority rule

2 As we talk both of probabilistic voting and maximum 3 Weighted voters are an easy modification of all the
entropy, it is useful to specify two traditions to which tipiaper schemes considered, should one be so inclined.
doesnotbelong. It is not about probabilistic voting theory in the 4 Or plurality rule — for more than two candidates — the

sense used by Coughlin (1992), where the research questionandidate with most votes wins. We will refer to this system
the optimal strategy for a candidate who does not know faaeger throughoutas MR (majority rule) for simplicity.

which voters are of which type. Nor is it about maximum enyrop 5 This type of system is known as a “(probabilistic) social
modelling in the sense used in many papers by R. J. Johnstion elfare function” to distinguish it from a “(probabilisjidecision
collaborators (e.g., Pattie et al. 1994), who use it as anigale  scheme” which only outputs the identity of the top candidate

to complete a flow-of-the-vote matrix with some unknownsell ignores the ordering of the runners-up.
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2.1.1 Majority rules —and in some places, ers are divided randomly between the Talls and the
always Shorts in proportion to their occurrence in the pop-

) . ulation. The rest put their own party first, although

By way of hypothetical example, let’s consider thﬁﬁey would happily put the Compromisers second
!ittle known country of Transmogria. It is inhab- ver the opposition. The Compromisers vote for
ited by two peoples, the Talls and the Shorts. Tal?ﬁemselves first (believing they are a worthy cause

make (‘)’p 60% of the population, Shorts the remaifi;ih good intent) and equally for each of the other
ing 40%. o _ two second. The vote therefore splits as shown be-
Talls have had it their way for centuries. In consgg\y, _ in the table we show not only each voter’s

quence they are generally wealthier than the Shofss; preference but also his second and third:
and not surprisingly prefer policies of low taxation,

low public spending, no provision for the poor, and Percentage of voters:
no restrictions on employers in how they choose ] 456 139 304 101 0 O
their employees or how they deal with them. voting:

The Shorts differ from the Talls on a huge va- 1St T c S c S
riety of issues: they want Fridays not Sundays as 2nd: C T c S T
their regular day off, anti-discrimination laws and _ 3rd" S s T T ¢ cC
employee protection, a publicly funded health Se'I(_able 1. The votes cast in an election between
vice, and a better choice of housing. Most of ali[a”’ Short, and Comprom|§er. Each co]umn
they want a say in how the country is governed — bghows the percentage voting for a particular
cause under majority rule the Talls win the vote ofder
every single issue all the time. Since 45.6% of the voters placed the Tall can-

The result: for as long as anyone can remembeéidate first (but only 30.4% placed the Short first
Transmogria has been in a state of civil unrest; tla@d 24.0% placed the Compromiser first), in an MR
Talls claim that the Shorts are criminal political acelection the Tall candidate would win.
tivists and protesters who continually resort to vio- However, one way to look at these votes is to ex-
lence to achieve ends which “democracy” has rulesnine which candidate would win in a head-to-head
out, while the Shorts see themselves as oppresseatbgtest between artyo candidates; if it should be
the Tall majority, and believe that their only recoursihe case that one candidate beats any other candidate
is to the armed struggle. in a head-to-head fight, it would be reasonable to

Let us suppose that Talls would consider therhold that that candidate should be elected top. Let us
selves to be at 1.0 on a zero-to-one scale of satisftluerefore examine the table of preferences between
tion with the current situation, but that they would bpairs of candidates, which looks as follows:

at 0.0 if the Shorts somehow got into power. Like- Percentage of the population preferringto cs -
wise the other way round for the Shorts, currently at

a satisfaction of 0.0. This all means that the aver- Cco

age satisfaction level under majority rule is 0.6, but T S C
that the standard deviation across the population is T — 595 456
0.49. Surely there’s a better and fairer way to organ- ci: S 405 - 304
ise things than this. C 544 696 -

. Table 2: The pairwise preference table for the
2.1.2° No compromise election of Table 1.

Recently a few brave people have migrated into Thus we see that C would beat each of the other
Transmogria from the neighbouring country of Cenwo parties in a straight two-candidate fight (as
tralia. Appalled by what they found, they set up 84.4% of the voters prefer him to T and 69.6% pre-
small political party, the Compromisers, who, whiléer him to S) — such a candidate is known as a “Con-
they have the good of the whole population at headoprcet winner” - but under majority rule T always
still only form 5% of the population. At significantwins, with the result just as if the Compromisers had
cost to themselves, they have put forward a mamiever existed. The only way C can win under MR is
festo of tolerance and co-operation. if tactical voting occurs — but Transmogrians would

However, in every constituency only 20% of théike to be straightforward and honest, and not have
Talls and 20% of the Shorts are prepared to vote fr engage in practices that require guessing the be-
the Compromisers over their own party. These vdtaviour of the rest of the population.
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In conclusion T wins under MR, even though ‘Weak Pareto’ (WP): if everybody in the popu-
more than half the population would have prdation prefers candidate to candidate:, then so
ferred C. should the output of the system (this is known as the

Weak Pareto condition).
Even though these properties are relatively simple
2.2 Arrow’s theorem and obviously desirable, Arrow’s theorem tells us
. . hat we cannot have them in a deterministic electoral
Now suppose that, in the light of these problems, tlgestem. In particular it tells us that Single Trans-

Transmogrians decide to replace majority rule rable Vote, numerous other forms of Proportional
some other more sophisticated system that takesipeo t d of the Briti hp Ority-
account not only the first preference of each Voterepresenta lon, and ot course ine british majonty
but also the rest of their orderings of the candidaterg.Ie system, cannot rf‘eet these S|mplle requirements.

Fortunately, Arrow’s theorem applies only to de-

A number of options, such as Single Transferab!e S : . .
rministic electoral systems, i.e. ones in which a

Vote and other forms of proportional representatio L rticular set of votes alwavs results in a particu-
come to mind; they are determined to pick a fair sys- y P

tem which also has no incentive for tactical voting.ar outcome. In order to achu‘avg a good electora}l
. . . . system, therefore, we have to ‘think out of the box
Unfortunately, they immediately hit a brick wall

in the form of Arrow’s theorem (named aft rKenand move to a system in which some other factor, as
N thi\r? W \?vh ? vsd ificr)1 fhe (19‘10: 2; Arrov\\lzve” as the votes, influences the results of the elec-
e 0 o prove tion. That other factor must be one that carries no

'(1t963))’ Wh.'Ch r;)utghly Sf‘]}/silthat nch) Slilc h system eE§i'as, and allows the system to meet an appropriate

ists (& pr’eC|se statement follows shortly). , set of axioms that should ideally include Arrow’s
Arrow’s theorem, however, deals only witfe- ¢, (ND, UD, IIA, and WP), but which should also

terministicelectoral systems. In these systems eagh. ,qe other much stronger axioms (such as SV

voter votes by placing the candidates in order ?éymmetry among Voters) which requires that all

preference, and the system then provides an oljfiars are treated equally).

put ordering of the candidates in which no two are The factor that the Transmogrians are looking for

.ranked equal, as in all the systems we are Fons'dl%rfandomnessWe will introduce this again by way
ing; however where the system is deterministic, ﬂb‘? an example

output ordering is determined purely by the votes —
if identical votes are cast in two elections, the output . .
ordering will be the same in both. 2.3 A simple alternative method for the

His theorem proves that there is no determinis-  two-candidate situation
tic electoral system which has even the following e pring in this example first as a two-candidate sit-
m|n|mal desirable properties, known as Arrow’s ation, and later expand it.
ioms:

No D|-ctator (ND):: th_ere IS NO Dictator. In any 2.3.1 The two-candidate probabilistic election
system it would be a disaster if some voters were
treated preferentially to others; one of the worst poReturning to our two-candidate situation in Trans-
sible situations would be if the system treated omeogria, consider the following simple but perhaps
particular voter D as a ‘Dictator’, meaning that whainexpected electoral system.

D votes is automatically the result of the election.  As before, we have two candidates in each con-

‘Universal Domain’ (UD): if each individual stituency - a Tall and a Short. The Talls vote for the
voter votes legally, the system will output a validall candidate, while the Shorts vote for the Short
election result. Thus for example UD would excludeandidate. Thus the vote splits:

a system that insisted on anr_lul!ing the election if no Percentage:
candidate had an overall majority. It would also ex-

clude a system that limited the number of candidates 60.0 40.0
to 2. 1st: T S
‘Irrelevant Alternatives’ (I1A) : whether the sys- 2nd: S T

tem outputs candidate; above candidate, de- Table 3: Th ¢ Ci lection bet
pends only on how the voters ordered candidates :” an.Sho(:t votes cast in an election between

andcs, not about where they placed any other candT—
datecs (i.e. the output takes no account of Irrelevant Now we draw arandomordering of the candi-
Alternatives). dates, with probability 0.6 of picking® S, and 0.4
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of picking S> T, according to the fractions of theprescribed way such that it is uniformly distributed
voters voting each way. Therefore T is elected withetween O and 1 (i.e. @ x <1). If0<x < 0.6
probability 3/5, and S with probability 2/5. Thusthen T is elected, otherwise S is elected. Everybody
supposing an election is to be held every year, in the country is able to check the result, as they
roughly three years out of five the constituency wilave all watched the draw on television. Specifically
be represented by a Tall, and in two out of five, the candidates (and an audience) can be present at
will be represented by a Short. the draw to verify that the procedure was carried out

Thus the fraction of the time that the constituenagther than the television transmission synthesised to
is represented by a Tall will be equal to the fraddeceive. Since everybody can inspect the software,
tion of Tall voters, and the fraction of the time it isverybody can check that it is fair.
represented by a Short will be equal to the fraction This procedure is capable of setting up sequences
of Short voters. This abolishes the permanent rubé random numbers as well as individual ones, so
by a majority over a large minority, while still be-that any computer software requiring random num-
ing ‘fair’, in that an outcome occurs with probabilbers can be initialised in this manner.
ity proportional to the fraction of voters that favour
it. As an illustration of the idea that this is faireb 3 3 |nterlude to address how things work in
than MR, consider the spread of expected satisfac-  yariament
tion across the population. Under the MR system
the Shorts always have a satisfaction of 0.0 whilewe employ the above method in a two-party situ-
the Talls always have a satisfaction of 1.0 givingtion with many constituencies, each electing a can-
a standard deviation of expected satisfaction acreiigate to represent it in parliament, then we have
the population of 0.49; under this non-determinist&n ongoing problem when votes are taken in par-
system the Shorts have an expected (average) sdtament. If decisions in parliament are still taken by
faction of 0.4 while the Talls have an expected satigajority rule, we will probably fail in our desire to
faction of 0.6, giving a standard deviation across ttieduce differences in satisfaction between different
population of only 0.1 — thus satisfaction is beingarts of the community.
dealt out more evenly across the population. True,To see this, consider Transmogria, voting as
the overall average satisfaction has gone down fra@hove with only the Talls and the Shorts present.
0.6 to 0.52 — but this is a small price to pay for makSuppose there are 600 seats in parliament, elected
ing the results fairer. using the probabilistic system described in section

Before moving to the three-candidate situatiod;3.1 above. In most years, we will see roughly 360
let us address two worries that are likely to occuiall and 240 Short members of parliament, varying
to many readers. by roughly 30 seats either way. Only once in every
few thousand years will there be a Short majority in
parliament. Therefore if the Talls want to pass a law
that door handles should always be mounted six feet
off the ground, they will succeed.

However, if parliament also passes or rejects bills
Some people will immediately be worried abouh the same random way that MPs are elected, the
how such a random choice can be made withdiaict that the Talls nearly always have a majority is
abuse; after all, we all know how difficult it can bdess of a problem. The high-door-handle bill will be
to get two children to accept a coin toss as a decisipassed with probability 0.6 rather than 1.0.

2.3.2 Interlude to address the worries of how a
random number can be chosen without
abuse

between their preferences. However there are further considerations. If a few
A suggestion is that we could adopt somethingears later a contrary billis introduced, insisting that
like the following procedure. door-handles are always mounted six inches off the

The UK lottery machine (which is carefully ar-ground (and repealing the old law), it will pass with
ranged so that the number of balls can be checkeabability 0.4; in this case this sequence of events is
at the beginning) is used to draw a random sequenteasonably fair, though a right nuisance for builders
of five balls out of a hundred. Each has a numband carpenters and those who have to pay for the
between 0 and 99. The result is a ten-digit nundoor-handles to be moved.
ber. This is used to seed a pseudo-random numbeT he situation could however be much worse: the
generator in a computer program which everybodwlls might propose a bill to demolish the 5000-
in the country can inspect, replicate, and run. A ragear-old historic Palace of the Shorts, or bomb the
dom numbex is then drawn from the generator in aeighbouring country of Dwarfland. If the bill is
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rejected (which it will be with probability 0.4), the ‘Clarity of Voting (Pairwise)’ (CVP) : The best
Talls may reintroduce it, again and again, until it izzay for a voter to achieve candidate > candi-
passed once — after which it is too late to redress ttiatec, is to votec; > co (i.e. the probability of the
situation. Indeed the probability that it will eventueutput ordering placing candidate > candidate:s

ally be passed converges to 1 as the number of resftould be equally maximised by any vote that places
troductions approaches infinity. candidate:; > candidate: ).

Therefore, procedure, in particular the process‘Representative Probability’ (RP): the proba-
whereby bills are introduced for consideration blility of the outcome putting candidate above
parliament, also needs to be regulated, if probablgandidatec; should be the same as that of a ran-
tic methods are also to be used in parliament. Aglomly chosen voter preferring candidateto can-
ternatively, Amar (1984) believed that majority rulglidatec,. In other words, the probability of the out-
could be retained in parliament without losing theome putting one candidate above another should be
value of having probabalistic election of the repréhe same as the fraction of the voters preferring the
sentatives, while Wichmann (2009) believes that thige to the other.
issue is better dealt with by Human Rights legisla- We believe that these axioms cover most of what
tion. is required of an electoral system, but not quite all,

The issue of how parliamentary votes are cofs We shall see later. They are in particular sufficient
ducted is an issue we will not address further in thig@ imply Arrow’s axioms WP, ND, and IIA, where
paper, but which needs further thought. If stabiWwe restate the last as:
ity of legislation is to be achieved, participants will ‘Independence from lIrrelevant Alternatives’
have to achieve greater degrees of consensus tl&h : The probability that the system places can-

occur at present in parliamentary democracies. didatec; above candidate, should depend only on
the voters’ orderings of candidatesandc; and not

_ _ on where they place any other candidates.
2.4 Desirable axioms We should particularly note the subtle differences
. . . between CVP and two related axioms CVT and
We W'”. now expand our honzpns to take in eI(_ECCVO, which we state adjacent to each other here
tions with more than two candidates, and electio r easy comparison. In each case the phrase “The

in which we may be electing more than one of thg, way to achieve X is Y” means that the probabil-

candidates. In all cases we will be |nteresFed in t%r}% that X occurs in the output ordering is (equally)
whole of the outcome ordering o_f the election, ev aximised by any vote that satisfies Y.
thoggh not all candidates are belng elected. . ‘Clarity of Voting (whole Ordering)’ ( CVO):

First, however, we need to consider what axiomg,e pest way for a voter to achieve a particular or-
we want our new probabilistic electoral system {Qering of the candidates in the result is to vote for
satisfy. that ordering of the candidates.

The following axioms are potential candidates. ‘Clarity of Voting (Pairwise)’ ( CVP): The best
All are more precisely defined in the appendix segyay for a voter to achieve candidate > candidate
tion 9. ¢y is to votec; > cy.

‘Symmetry among Voters’ (SV): Each voter is  ‘Clarity of Voting (Top)’ ( CVT): The best way
treated identically; if the views of two voters argor a voter to achieve candidate being placed top
swapped, the probability of any given result shoulg the output ordering is to place him top in that
be unchanged. voter’s vote.

‘Symmetry among Candidates’ (SC) Each can-  These axioms turn outot to be equivalent. The
didate is treated identically. If a set of votédeads system known as ‘Random Dictator’ (described be-
to election resul) with probabilityp and V., .., low in section 2.6) satisfies all three of the CV ax-
denotes those votes with every voter’s views on caipms, while ‘Maximum Entropy Voting’ (described
didatesc; andc, swapped, and)., .., denotes the below in section 2.9) satisfies CVP but not CVO or
result@ with the positions of candidates andca CVT. ‘Sequential Random Dictator’ (described be-
swapped, then if the voting Ig,, ., the probability low in section 2.7) obeys CVO and CVT but not
of getting result)., .., should bep . CVP. Unfortunately, there turn out to be significant

‘Universal Domain’ (UD): If each voter has disadvantages associated with knewnmethods of
voted legally, then the collection of all voters’ votesomplying with all three of the CV axioms.
is legal and the electoral system will output a valid We will keep as aStandard List of Axioms'’
election result. (SLA) that a system should obey the following: SV,
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SC, UD, and RP. A system obeying SLA then alswho can dictate the outcome (the ‘random dictator’
obeys WP, ND, IIA, and CVP by virtue of obeyings chosen at random each time an election is held).
RP. This procedure has the benefit of extreme simplic-
ity. There is also a total absence of any computa-
tional difficulty beyond choosing a random member
of the electorate. RD is very easy to understand.
Consider again the situationin Transmogria after theRD also satisfies all the axioms so far considered.
immigration of some Centralians, previously con- This procedure, however, has some important dis-
sidered in section 2.1.2. The voting pattern we asglvantages.

dealing with is:

Percentage of voters: 2.6.1 No compromise
456 139 304 101 O O

2.5 More than two candidates — preamble

The RD system can elect top position only can-

; didates whom some voter has put in top position.
;:(tj g $ (S: g _? ; There is no possibility of placing a candidate who is
3rd'. S S = T Cc C everybody’s second choice at the top, even though

w : : . they may be preferred to any other candidate by a

Table 4: The votes cast in the same electionasin_ 7 . ) ;

majority of the electorate (i.e. be a Condorcet win-

Table 1. ner).

The question is how our new electoral system

should set the propabilities \{vith which it ou_tput§_6_2 No moderation — or ‘It never rains but it

each of the six possible orderings of the candidates. pours’
The key difference between the two-candidate sit-

uation and those where there are more candidateS#ppose a population consists of 50% Tall voters

the following. In the two-candidate situation there ignd 50% Shorts. Suppose, moreover, that there are

only one system that obeys RP (namely the one den candidates from each of these parties (a total
scribed in section 2.3.1). It turns out that when thefd 20 candidates) of whom a total of eight will be
are more candidates, there are an infinite numberégcted (the eight at the top of list). Each voter
systems that obey SLA (our Standard List of Axplaces all the candidates from his party in some or-
ioms, which of course includes RP). We will novdler at the top of the list, followed by those of the
consider a few such systems, and one that doedfier main party.

obey SLA. In this situation the RD system as it stands will

elect either eight Talls, or eight Shorts — Ingvera

mixture of the two. This characteristic is the oppo-
site of moderation.

Considering the election of Table 4, we ask again The situation could be even worse if there is a
how the probabilities of the different outcome ordegmall minority of “Exclusive Talls” who want to
ings should be set. The first possible answer (thougfioot all the Shorts, and who also field 10 candi-
not necessarily the best) is to set the probabilities@htes. With a 1% proportion of Exclusive Talls there
the various orderings to be the same as the fractioMguld be a 0.01 probability thatery single elected
of the voters voting for each ordering. This is som&andidatewvould be an Exclusive Tall.

times known as the ‘Random Dictator’ (RD) system,

as itis equivalent to the following procedure: 2.7 The ‘Sequential Random Dictator’
Everybody casts their votes; then (SRD) system

voting:

2.6 The ‘Random Dictator’ system

A voter is picked at random and the out-  One approach which might at first sight ameliorate

put ordering of the election is set to be the  the ‘No Moderation’ defect of the Random Dictator

ordering given by that voter. system is the ‘Sequential Random Dictator’ (SRD)
system.

Since the voter who is picked gets his own views In this system the candidate to be placed top in
output by the electoral system, he is known as thiee output ordering is selected according to the same
‘dictator’ (the ‘random dictator’ since he was chotechnigue as employed by the RD system. How-
sen at random). Note that this systdoesobey the ever, rather than then taking the dictator’s views on
No Dictator (ND) axiom — there is no (fixed) voteisecond, third and subsequent placings, the candidate
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placed top is removed from everybody’s votes, and aHowever, the SRD output distribution pairwise
new voter is chosen at random to be dictator 2. Tipeeference probability table is:
candidate at the top of dictator 2's ordering (which o .
. Probability that output prefeks to ¢, :
has already had the candidate placed overall top re- y put pretees o c;

moved from it) is then elected in second place. We Ca
continue selecting a new dictator at random until all A B C
places in the ordering are filled. This system avoids A — 075 05
the lack of moderation described in section 2.6.2 cc: B 025 — 025
above by changing the dictator after each place has CcC 05 075 -
been filled.

Moreover, this modification to RD is easily seer-lrable /- The pairwise preference table for the

to result in SRD still obeying SV, SC, UD, ND outcome distribution under the SRD system in

WP, and CVT. Let us consider whether it obeys Rtlge election of Table 5.

and/or CVO and/or CVP; in other words roughly “Is  Thus, although half the population voted>8,

it fair?” and “Is there an incentive for tactical votthe probability of the output ordering under SRD
ing?”. giving A>B is three-quarters. This is contrary to
RP and gives a severe disadvantage to B; it also il-
lustrates how some simple modifications of systems
that obey all the axioms can fail to obey even basic
ones.

Recall that ‘Representative Probability’ (RP) states

that the probability of the output distribution yield2.7.2 Does SRD obey CVO and CVP?

ing candidater; > candidaters should be equal to

: : : ; i latively easy to show that SRD does obey
the fraction of the population so voting. Itis obeyeg IS re : :
by RD, so it is perhaps slightly surprising that it i _VO’ but not CVP. We omit the proofs for brevity,

notobeyed by SRD. This is easily seen from the fofl'Ven th"’.‘t. SRD has already been shown to be want-
lowing table of voting on three candidates A, B, and9 by failing to obey RP.

C, and the probabilities of the output giving each or- _

dering underneath, under the RD system and unde8 A conjecture

2.7.1 Does Sequential Random Dictator obey
Representative Probability?

the SRD system: f . h ord We conjecture that any probabilistic social welfare
Percentage of voters giving each or &linction satisfying SLA and CVO and CVT induces

] 60 0 0 0 0 50.0° RD as the induced probabilistic decision scheme on
1st: A A B B C any subset of the candidates chosen after the votes
2nd: B cC A C A are cast.
:;rg:prob' OCE,O BO CO AO BO 0.50 Note that Gibbard (1977) and McLennan (1980)

. ’ "~ _have together shown that SLA and SP2 (defined in

SRDprob: 025 025 0 0O 025 025 g (

the appendix section 9) are sufficient to ensure that
Table 5: The votes cast in an election betweenRD is indeed induced.

A, B, and C and the outcome distributions

under Random Dictator and Sequential Random 2 9 The ‘Maximum Entropy Voting

Dictator systems. System’ (MEVO)
The resulting pairwise preference table for ttha9 1 Description
voters is: - p

Percentage of the population preferringo c. : Axioms to be complied with

Cs Returning now to our Standard List of Axioms, we

A B C will restrict our attention to those systems that do

A _ 500 500 satisfy SLA; we will not require adherence to CVO
¢,: B 500 — 500 or CVT, since we have not been able to find a sys-
C 500 500 — tem that obeys these also without suffering the dis-

advantages of the Random Dictator system. There
Table 6: The pairwise preference table for the will of course be some disadvantages to not obeying
election of Table 5. CVO and CVT, in the form of susceptibility of some
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properties of the output distribution to some forms Now, let us consider an example. Suppose that
of tactical voting; however no tactical voting will bethere are six Tall candidates and six Short. Suppose
able to influence the probability that one candidatdso that we believe in advance that half the popula-
is preferred by the system to another, because astwa prefers all the Tall candidates to all the Shorts,

have seen SLA implies CVP. while the other half prefers all the Shorts to all the
Talls, while within each group (Tall or Short) all vot-
The principle of minimising information ers are equally likely to have any preference. Sup-

pose moreover that the voters do so vote. Whereas
The basic idea and motivation are as follows. THRD can only output highly polarised orderings with
problems with RD, notably the lack of moderatiomll Shorts above all Talls, or vice versa, there are
noted in section 2.6.2, stem from takit@p much other probability distributions over the output order-
information from the votes — with RD, the outcoméngs which also satisfy RP: for example, the uniform
distribution matches the voter distribution too predistribution over all possible output orderings. RP
cisely. We want to reduce the information takesimply requires (for thigarticular voting pattern)
from the votes to a precise set of variables, the mitiat for any pair of candidates, the output is equally
imum set needed to ensure that RP is satisfied. Flikely to place one above the other as the other way
ther, as it will turn out that restricting the informaround. If under this uniform distribution we were to
tion taken from the votes to precisely that set of variind all the Talls above all the Shorts, this would be
ables is not sufficient to specify the system uniquely,considerable surprise, and the occurrence of this
we will turn our attention to that system in which thevent would be newsworthy, i.e. carry a lot of infor-
votes also give us the minimum amount of informamnation in comparison with finding one of a number
tion about the ordering that will actually be choserof nondescript orderings. As we will see, MEVO
will indeed output all the possible orderings with
Two senses of the word information equal probability — minimising the surprise, and the
information content of the output ordering about the
There is quite a subtle distinction here betweeytes, while still adhering to RP.
two uses of the word information, which we will However, information content does depend on
dwell on briefly as it is important to what follows. prior belief. Reverting to a two candidate election
If the system’s output depends only on the tabigith one Tall and one Short candidate, suppose,
of the fractions of the voters who prefer each canditrictly hypothetically, that we were to believe in ad-
date to each other candidate (f¥rcandidates this is vance that the Tall candidate is almost certain to be
a total of N (N — 1) /2 independent numbers), aneélected. Suppose then the votes, combined with the
if no two distinct such tables lead to the same oudtectoral system in use, confirm that the Tall can-
put distribution, then in the first sense of the wordidate has been elected. Then in the second sense
information we have defined precisely which inforef the word information (the information-theoretic
mation we have taken from the votes. Howevesense), the votes have supplied little information
there are many systems that could be based on t@kat we didn't already know) about the result of the
ing only this information from the votes (and thaglection. If however the Short candidate is elected,
satisfy SLA), hence precisely defining the informahe votes have supplied comparatively more infor-
tion taken from the votes is insufficient to uniquelyhation. Therefore in the following paragraph we
specify the electoral system. confine our attention to prior beliefs that are sym-
There is however, a second sense of the warktric among the candidates.
information. If | tell you that there has not been
an earthquake in London today, | am telling yoMinimal information means minimal surprise
little information, but if | tell you that there has
been one, | am telling you a lot. Equally if | tell Let us now suppose that in advance our beliefs
you at least one African died today, nobody will babout the votes are symmetric among the candi-
surprised (because little information has been codates; i.e. we may believe that it is more likely that
veyed), while if | tell you that not a single Africanthe voters will align into two camps than that there
has died today, it will be newsworthy because a latill be an equal number voting for each candidate,
of information has been conveyed. In this sense thet if so, we believe that it is equally likely that the
amount of information conveyed is greater if aftemwo camps are favouring candidates A and B, as that
receiving it our knowledge is very different fromthey favour A and C, or B and @Jnder these cir-
what it was before. cumstances we also aim to minimise the informa-
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tion about the result ordering given by the votegied by the outputs of systems adhering to SLA lies
(Not to require the symmetry among candidates within a hyperplane satisfyingy (N — 1) /2 linear
our prior beliefs about the votes risks violating S€Constraints; let/, denote the intersection of this
in the resulting system.) In other words we warltyperplane and’.
the outcome of the election to beassurprisingas ~ There are many ways to place the output of such
possible, given whatever candidate-symmetric priarsystem within/, and still ensure that it satisfies
knowledge about voting patterns we may have hadl.A. Some we might consider are the mearlUgf
while of course maintaining compliance with SLA.the point inUj that is closest to the origin, etc —
indeed almost any point that can be distinguished
What we give up when we go for minimal without specifically referring to any voter or any
surprise candidate. So how are we going to choose one?
Now, there is a quantity callezhtropy(of a prob-
We should note here that in deliberately chooability distribution over e.g. a finite s&t) that mea-
ing to go for minimal information, and hence minsures the uncertainty we have about a choice of ele-
imal surprise, we are deliberately saying we wanpients of7. If the distribution puts probability 1 on
one general sort of outcome rather than another. one element of’ and none on the others, the distri-
Suppose there is a religious minority in Transmdpution has zero entropy; the uniform distribution on
gria, the Narrows, who form 1% of the populationi” will have the maximum amount of entropy possi-
Suppose the Narrows will only be happy if their 18le. Entropy is in an important sense the opposite of
candidates occupsll the top 10 positions in the out-information (in its second sense): when we acquire
come ordering; getting a mere 9 candidates in tirformation about a quantity, on average we reduce
top 10 positions is something they would regard alse entropy of the distribution that describes what
an outcome tainted by heresy, and no better thae now know about that quantity.
having all of their candidates come bottom. Thus if we want to choose a distributioniify that
Under RD the Narrows will be happy 1% of theninimises the amount of information about the out-
time — just as they form 1% of the population — beut ordering we are supplying, we should choose the
cause 1% of the time, under RD, Narrow candidatdgstribution inU, that has maximum entropy. For-
will occupy all the top 10 places in the outcome ottunately it turns out that this specifies a unique dis-
dering. However, the Narrows will not like a systentribution.
that minimises information conveyed, because it is Another way of looking at this is to note that RD
extremely unlikely to yield the very surprising outis not at all moderate (as noted in section 2.6.2).
come that a party with a tiny minority of supporSo we may ask what is the most moderate distri-
getsall its candidates in the top positions. bution we can find if/y? One might argue that the
Introducing MEVO is an action of people who danost moderate distribution is the one that mixes in
not want such surprising outcomes; it must be ras many different output orderings as possible, while
alised that introducing MEVO will reduce the possistill adhering to RP. This again leads us to the distri-
bility of minorities such as the Narrows ever beingution inUj, that has maximum entropy. Let us call
happy. that distributionu; .
Therefore we choose to define tileximum En-
A somewhat more mathematical point of view  tropy Voting system(MEVO0) (the 0 (zero) is intro-
duced because we will in a future paper define vari-
From a mathematical point of view, for any giverants of MEV) as that system which outputs an order-
system and for any set of votes, the system givesng chosen at random from the distributionin Uy
set of probabilities on the set of orderings of the cathat has maximum entropy. That distribution, of all
didates, which are non-negative and which sum tothose inl/y, ensures that the votes give us least in-
If there areN candidates, there a®¥! orderings, formation about the actual ordering that will finally
and the possible probability distributions may bee output by the system when the random draw from
represented as points iM!-dimensional real spaceu; is made, ensures that that ordering will be as un-
RM'; in fact they all lie in a(N! — 1) -dimensional surprising as possible, ensures that we know exactly
simplex that lies obliquely across the corner of thehat properties of the votes are being extracted and
positive ‘quadrant’ of this space. Lét denote this used, and in an important sense is the most moderate
simplex. distribution consistent with obeying RP.
Now, given a particular set of votes, adherence to A more formal definition of MEVO is given in an
RP implies that the set of points that could be occappendix (section 9) and a discussion of implemen-
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tation will follow in section 5 below. second, a rule by which to choose which distribu-
tion in Uy we should draw the output ordering from,
namely the maximum entropy rule.

There are many ways we could specify the set of
Taking the three-candidate problem of section 2.1c®nstraints. At one end of the spectrum we could say
as an example, let’s see how the Compromiser pathyat the probability of the output distribution giv-
fares under MEVO. The voting pattern is, as beforing each particular ordering should be the same as
to within rounding error, given in Table 8 along withthe fraction of the voters giving that ordering — this
the outcome probability distribution under MEVO: would define the RD system, as there would then
be only one distribution i/, . At the other end

2.9.2 Example

Percentage voting each ordering:

456 139 304 101 0 o of the spectrum we could require adherence to RP
voting: only, yielding the MEVO system. In between there
;ztd g ‘T3 (S: g ? are a variety of other sets of properties in which we
3rd: S s T T c ¢ could require the output distribution to match the

MEVO Prob:  0.247 0.238 0.095 0.212 0.099 o0.1:vates distribution.

Table 8: The voting pattern as in Table 1, along o example, one could specify that the output
with the outcome distribution under the Maxi-  gystem should also give the same probabilities of or-
mum Entropy Voting system. dering all subsets of three candidates in each of the
In this result we see that the probability of th&iX possible ways for each such subset as the voters
Compromiser being elected top is not zero (as it waid. (For a three-candidate election, that would in
with Majority Rule), or 0.24 (as it would be withfact force the system to be RD, but for more can-
RD), but 0.45 (i.e. 0.238 + 0.212). That this highe#idates such a system would be distinct from RD).
value is more appropriate is seen from the pairwiédternatively, one can allow the voters to express
preferences table for the population: their preferences not just as a set of pairwise pref-
erences (which s all that is taken from the orderings
by MEVO), but also byoptionallystating combina-
tions of pairwise preferences that they want to occur

Percentage of the population preferringo cs:

T CSQ c together (e.ge; > ¢z ande; > ¢3).
T _ 595 456 In each case there are two technical constraints
6. S 405 304 that we must ensure are satisfied, namely non-
" C 544 696 - emptiness of the sdt, of potentially satisfactory

distributions, and convexity of that set. Provable
Table 9: The pairwise preference table for the Non-emptiness is required because otherwise we
voters in the election of Table 8. cannot guarantee to meet UD (there may be some

voting patterns for which there is no possible out-

which shows that Compromisers are preferred by gistribution), and we choose to require convexity
majority of the population to any other single candlecqyse otherwise we may not be able to prove that

date (and they are the only candidate with_this Stie maximum entropy rule chooses a unique distri-
tus). In contrast, the Talls are elected top with proBytjon.

ability 0.358 and the Short; with probqbility_0.194. Now, non-emptiness of the set of potentially satis-
One can of course also verify that RP is being mgt, ./ distributions is guaranteed for any such sys-
by calculating the pairwise preference table for thg, by the fact that the RD output distribution, in
outcome distribution and showing that it is identica]|| senses equal to the vote distribution, matches the
to that for the votes. vote distribution in all the properties we might con-
sider incorporating. Convexity will be guaranteed

providing the constraints specified are of the form
2.10 The spectrum from ‘Random

Dictator’ to ‘Maximum Entropy

Voting’ P(outcome ordering has proper®)) =

P(the ordering of a randomly chosen voter has prop&ry
Now, when we defined MEVO, we specified essen-

tially two things. First, a set of constraints that the

MEVO0 output distribution must satisfy (leading to avhere the equality can be replaced by a non-strict
setU, of potentially satisfactory distributions), andnequality in either direction.
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3 Measures of satisfaction under put ordering. We considered three different ways in
MEVO0 which the output ordering might be combined with
the voter’s scores on the candidates to give an over-

In the Transmogrian two-candidate election didl!l satisfaction rating for each voter.
cussed in section 2.1.1 we noted that, under majorIn the following definitions, the words ‘rank’,
ity rule, the mean satisfaction of the population wagcore’, and ‘correlation” will have the following
0.6 and the standard deviation of satisfaction levél€anings.
across the population was 0.49. Now, it may eas-'Rank’ means 1 for the top candidate, 2 for the
ily be seen that if any probabilistic system obeyingandidate in 2 place, etc.
SLA is used (and there is in fact only one such sys- ‘Score’ refers to either input score as described
tem in a two-candidate election, namely that intr@bove, or to an output score derived from the output
duced in 2.3.1, which coincides with both RD an@rdering by drawing a uniform-random score vector
MEVO in this setting), the mean satisfaction of th#om those score vectors that would place the can-
population will be 0.52 while the standard deviatioglidates in the chosen output ordering; in the latter
of expected satisfaction level will be 0.1. Thougkase score has the intuitive meaning that it is the de-
there is some reduction Everagesatisfaction, sat- gree of satisfaction the system’s output ordering had
isfaction is much more fairly distributed through thavith that candidate, just as input score is the indi-
population. vidual voter's degree of satisfaction with the can-
In situations where there are more than two cafidate. More formally, if there aréV candidates,
didates, we now ask whether similar improvementg€n the unit hypercubgy in R may be identified
can be obtained from probabilistic systems such &h the possible sets of scores on the candidates,
RD and MEVO. and each point in it thus mapped to a particular or-
In order to get an empirical measure of the bendering of the candidates. Given a particular output

fits of probabilistic systems we simulated electioffgdering of the candidates, the output score was then

on four candidates, and considered various waysqFWn uniform-randomly from that subsetlf that

which the voters' opinions on individual candidate'$ MaPped to the given output ordering.

might combine to give an overall satisfaction with Correlation” between two vectors means the co-
an outcome ordering. We ran 400 different electiorfine Of the angle between the two vectors. Thus if
(different sets of votes) and drew 500 random sartfe two vectors pointin the same direction (e.g. two

ples from the output distributions of each electiofNkings of the candidates are identical) the corre-

under each system (for majority rule all 500 randof@tion will be +1:t If'flhlfy p?int in exactly opposite
it will be —1.

i H N
samples were of course the same, since majority rigections ink . o o
is a deterministic system). The three methods by which opinions on individ-

al candidates were combined to give a voter’s over-
Il satisfaction with the result of the election were
en as follows:

For each election, we started off by simulatin
the opinions of the voters. The details of how th
was done are in an appendix (section 10 below). §
each election, the voters were clustered in 8 differ-
ent broad clusters in their opinions, with the posi-
tions of the clusters being randomly distributed with
a tendency to avoid neutral opinions. This resulted
in each voter having a score (the “input score”) be-
tween zero and one for each candidate, indicating”
how much they liked that candidate.

We then deduced from these scores the order that
the voters would place the candidates inwhen voting . |nput score of the candidate most preferred

(assuming that each voter votes his true opinions).  py the result orderingWinnersScore) (which
We then applied each electoral method to the might be expected to give the advantage to
votes, and deduced the output ordering distribution. MR).
We drew 500 sample results from the distribution
for each election, each of which is an ordering of For each measure of satisfaction, a number of de-
the candidates. scriptive statistics were calculated and used to sum-
It was then necessary to consider how satisfiesarise the characteristics of how satisfaction was
an individual voter would be with any specific outdistributed among the voters and between elections.

Correlation of output rank with voted rank
(RankCorrel) (which might be expected to
give the advantage to MEVO or RD);

Correlation of output score with voted score

(ScoreCorrel) (where the output score is as ex-
plained above);

Voting mattersissue 26 27



Roger Sewell, David MacKay, lain McLeaRrobabilistic electoral methods...

We choose to name these statistingairness aver- Method of measuring satisfaction

age satisfactionmacrovariation, microvariation, RankCorrel ScoreCorrel Winner'sScore

and immoderation. Their precise definitions areinfairness (small is good):

given in the appendix section 11 below. MEVO 0.0746 0.0186 0.155
RD 0.0762 0.0280 0.157
MR 0.256 0.0801 0.297

“Unfairness” captures the degree to which we caderage satisfaction (large is good):

expect different members of the population to B&EVO 0.547 0.512 0.536

disgruntled with the electoral system to differing exkD 0.548 0.521 0.537

tents — we would like this number to be small, ifMR 0.613 0.517 0.589

dicating that everybody can expect to be similarly

satisfied over the long term. macrovariation (small is good):
MEVO 0.0722 0.0259 0.0742
RD 0.0703 0.0257 0.0721
MR 0 0 0

“Average satisfaction” is self-explanatory — it is o .
an average over everything, and the bigger it is thiécrovariation (small is good):

better. MEVO 0.274 0.0840 0.243
RD 0.287 0.0984 0.245
MR 0 0 0
“Immoderation” captures the degree to which tfi@moderation (small is good):
system is likely to produce extreme outcomes; fWfEVO 0.273 0.0805 0.288
example, a system that is immoderate without beiR& 0.289 0.0992 0.293
unfair is one which given a 50/50 split of the eledR 0.256 0.0801 0.297

torate either has all the elected candidates comingble 10: The various statistics of the three mea-
from one party, or all from the other, but never aures of satisfaction under the Maximum En-
mix — so we would like immoderation to be small. tropy Voting (MEVO0) system, the Random Dic-
tator (RD) system, and the Majority Rule (MR)
system. Explanations of the statistics (unfairness,
..., Immoderation) are given in the preceding text,
Finally “macrovariation” and “microvariation” while their precise definitions are given in ap-
capture different aspects of how the system cauggndix section 11.

variable degrees of satisfaction as the random num—Th level of esti q intv in th .
ber generator seedchanges; “microvariation” cap- e level of estimated uncertainty in these statis-

tures the variability witho seen by an individual tics is mostly small compared with the differences

voter, while “macrovariation” captures the variabilP€tween them.
ity with w of average satisfaction over the popula- It is interesting that MEVO causes less unfair-
tion. For a deterministic system these two quantitié§ss than the other two systemicheversatis-
will of course be zero. Ideally we might wish theséaction measure was used (and a lot less unfair-
parameters to be small — but as we have seen, AESS when assessed by score Correlation). Slmllarly
row’s theorem prevents us meeting SLA and ha\nMEVO is less immoderate than RD, whichever sat-
zero values of macro- and micro-variation. isfaction measure is used. To ‘pay’ for this reduc-
tion in unfairness, MEVO loses only around 10%
on average satisfaction (more like 1% if satisfaction
is measured by score correlation) compared with
The results for one particular set of 400 eledVR (as the price of adhering to sensible axioms),
tions on 4 candidates, of which 500 samples eabHt it does of course introduce introduce micro- and
were examined, were as follows. Changing the pgiacrovariation because of its non-deterministic na-
rameters of the distributions generating the voter#ire; nonetheless the macrovariation is small.
scores made only small differences to these resultsPuzzling over why there was not more differ-
and none to the relative magnitudes. A bar-chartésce in the immoderation statistic between RD and
shown in Figure 1 (page 33). MEVO, we experimented with other ways of dis-
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tributing the voters’ mean scores. It turned outight think that elections where only one candidate
that while we could never get the immoderation a$ being elected would be better addressed by con-
MEVO to exceed that of RD, or be below that o$idering the election output to be non-strongly or-
MR (except when assessed on Winner'sScore onlggred with the top candidate all the others, and
there are scenarios where there are much bigger dif-the others equal to each other, and then requiring
ferences in immoderation. One such is shown RP to apply. To get the benefits of MEVO one would
Figure 2 (page 34). Here, voters’ opinions were anowever have to interpret the voters’ orderingsin the
ranged such that there was a high probability of vatriginal way. This distinction unfortunately leads to
ers either viewing candidates 1 and 3 as much b#te RD distribution not satisfying the new RP condi-
ter than candidates 2 and 4, or viewing candidatesi@n, and to elections where there is indeesutput
and 4 as much better than candidates 1 and 3; suiistribution possible that satisfies this new version of
a situation occurs in real life where both candidatésP.
and voters are distributed on different ends of the
political left to right axis. Again, the details of how5
voters’ opinions were distributed are in the appendix

section 10. So far we have discussed the theoretical basis of

Thus we see that in both scenarios both MEMAEV0 and its benefits and drawbacks in various sit-
and (to a lesser extent) RD cause vastly less unfaiitions. We next turn to how the necessary calcula-
ness than the Majority Rule system. In Transmogfigns can actually be carried out in practice. While
this should lead to less social unrest. The reductiofgs RD essentially the only issue is how to choose a
in average satisfaction are very small compared wifter uniform-randomly from the population of vot-
the large benefits obtained by reducing unfairneggs, with MEVO we have a significantly more diffi-
while avoiding immoderation. cult problem.

We suggest two usable approaches. Neither
is perfect and there is plenty of scope for better
methods of implementation to be developed. Both

¢ are presented as a rough verbal description rather
MEVO does not obey CVO and CVT (proo NOthan as precise mathematics. Software that carries

given). It is therefore possible that voters interest%qjt each of these implementations (in the Matlab

primarily in getting a particular ordering as the "eranguage) can be downloaded from the directory
sult of an election, or more likely, interested in geti ¢ p: /1w, i nf er ence. phy. cam ac. uk/ sewel | |

ting a particular candidate top of the ordering, may As above, letV denote the number of candidates.
be able to gain by voting other than their true opin-

ion. What MEVO does guarantee is that they cann
by tactical voting increase the probability of thei
favoured candidate being above any other specifighe first approach is to calculate the distribution
candidate; the scope for gain by tactical voting i, explicitly. This means calculating the proba-
therefore likely to be fairly limited. bility under u; of each possible output ordering
For example, if somebody desiring A B > C of the candidates. Since there aw such order-
as the ordering of candidates A, B, and C, and wiiaygs, this is a calculation that will necessarily take
especially desires that A should come top, knowat the very least)V! operations. Since 20! is
that B is the most popular candidate, they could coabout 2,432,902,008,176,640,000, it can be seen
sider voting A> C > B instead. This would slightly that this approach will take rather a long time for
increase the probability of A coming first — but ita 20-candidate election. However, where the num-
would also make it more likely that C will comeber of candidates is under about 7, such an ap-
first, and C is this voter’s least favoured candidatproach is feasible. The definition of MEVO leads,
What it will not do is make any difference to thevia the Lagrange multiplier technique, to a set of
probability that A will beat B or the probability thatnon-linear simultaneous equations on fkié prob-
A will beat C. abilities to be determined, plus some non-negativity
The weaknesses of MEVO in this regard are likelgonstraints.The non-negativity constraints are usu-
to be more prominent in situations where only oredly redundant in practice, as the valueugfis only
candidate is being elected from a constituency, asro on those orderings which give a pairwise com-
opposed to all the candidates being elected in soparison favoured by zero of the voters. These or-
order, or several candidates being elected. Oderings can be eliminated at the start; elsewhere the

Implementation of MEVO

4 Tactical voting under MEVO

g.tl Implementation for low N
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gradient of the entropy becomes infinite as any insing Fill’s algorithm); we have so far not been able
dividual probability approaches zero, pointing tao.
wards that probability being positive. Itturns out that the choice of proposal distribution

The problem is then one of solving the set of nomused is important.  If there is inadequate mixing,
linear simultaneous equations, and as such a rasgeh a scheme does not converge. Software imple-
of techniques is available in the literature. One saenting the best approach that we know of is avail-
lutionis embodied irsi ml. mon the web site men-able insi n2. min the same directory on the web
tioned above. (see section 5 above).

Once we are at a point where the constraints areThe limiting factor that governs convergence of
satisfied and the gradient of the entropy is normsampling in such an approach seems to be that one
to the set of points satisfying the constraints, the#quires a large number of samples of the ordering
point is the output distribution. Since it is a discretat any one of values of thg; ; to get accurate esti-
distribution we can take a random sample from it byates of the fraction of samples preferring one can-
inverting the cumulative distribution function, andlidate to another. However good a proposal distribu-
using a uniform random variate. The random sampien is used, it would seem that an MCMC approach
thus taken is an ordering on the candidates, whialith feedback to the\; ; will always have running

we deliver as the output ordering. speed limited in this way.
In practice such a system has been developed and
5.2 Implementation for larger N tested for up to 40 candidates. If such an approach

were to be used in practice it would be necessary to
As discussed in section 5.1, the above techniqseét precise criteria for when convergence could be
is excessively computationally intensive when thgonsidered adequate.
number of candidates rises above about 7. Under
these circumstances we must resort to a different . .
method. How could one set about introducing
By considering a Langrange-multiplier solution ~ Such a system?

to the relevant constrained maximisation problem, .
u; may be shown to be of the following form: In the grand scheme, _the MEVO system itself (and
the RD system likewise) could be implemented

in two parts: the election of local candidates to
Z Nijdi j(t) be members of parliament, and the application of
i MEVO0 (or RD) to parliamentary procedure. Itwould
u(t) = Ke probably be best to introduce the election to par-
liament first, reserving the somewhat more difficult
@rocedural issues until experience had been gained
in electing the members.

where K is a constant and and j index the can-

didates. Therefore, if we know the values of th
Ai.;, We may sample from; using a Markov Chain - ) )
Monte Carlo algorithm, (e.g. Metropolis-Hastings, However, it is clear that substantial education

using proposal distributions that simply interchandd the population on the benefits would be neces-
two candidates in the current sampletof sary, and before any public election, suitable trials
A possible approach, then, is to initialise th8" smaller and more restricted elections would be

\ . to random values. run such an MCMC algoneeded. Such smaller elections could be surveyed to
1,7 ’

rithm yielding a pile of non-independent sample&SS€SS the real satisfaction of voters with the differ-

assess for each palif, j) whether the current frac- €Nt systems, which might help the public to accept

tion of the samples in which; > c; is too big or the necessity of randomisation to achieve fair elec-
() ] .

too small, and adjust eack; upward if the frac- 1ONS:

tion needs increasing or downwards otherwise. Such

an iterative approach will eventually converge ag¢ Discussion

proximately (under the assumptions that each com-

ponent MCMC run is ‘sufficiently long’, the stepWe have thus seen that probabilistic voting systems
size for adjusting the\; ; is ‘sufficiently small’, (both “decision schemes” and “social welfare func-

etc). It is possible to assess how accurately the cdions”) can reduce the unfairness to minorities that
straints are currently being met at each point in tloecurs with majority rule. We have seen how the

run. Nonetheless, it would be better to find a noimpasse of Arrow’s theorem may be circumvented

iterative perfect sampling system (for example ormy such systems.
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We assumed as obvious that we must have syplaced higher than the others in probability.
metry among both voters and candidates and uni-The one real weakness of MEVO that we are
versal domain, and that our system should respestare of is the ability of a political party to increase
unanimous opinions (i.e. obey the weak Pareto caive chances of the top elected candidate belonging
dition). We then saw (from Gibbard’s and McLento itself by flooding the candidate list with lots of
nan'’s results) that addition of strategy-proofness irits own candidates — i.e. the difficulty of “candidate
mediately restricts us to using the Random Dictéeading”. Note, however, that this does not mean
tor system (at least as far as the induced decisithrat any one of these candidates has any favour com-
scheme goes), which has the serious drawbacks thated with any other candidate, from that party or
it is completely unable to compromise and can hetherwise. The difficulty of combating this problem
very immoderate in its results. lies largely in the difficulty of detection of “mem-
We therefore chose instead to add the muttership” of a party, as this may not be formal (e.g.
weaker axiom of representative probability (RP) amdembership of the “party” of those who have lots
to output (ultimately) an ordering on the candidatexf spare time). There is also an argument to say
rather than just the name of the top candidate, evénat if there are more people of one persuasion will-
if our real aim is to elect only one candidate. Iming to give up their time to politics then they should
plicit in doing so is the decision that some degrezach be given their fair chance. The main reason
of satisfaction will be afforded to voters by their dethat RD does not suffer from candidate loading is
sired candidate coming e.g"®ather than 8, even that it avoids all compromise — and we believe that
if only one candidate is being elected (even thougtvoiding compromise is bad. We hope to publish a
one of the authors (IM) has argued strongly agairfstture paper discussing in detail the possibilities of
this in the past). Given RP we are guaranteed alameliorating the issue of candidate loading.
pairwise clarity of voting (CVP), but from Gibbard’s A major difficulty with MEVO is that it is hard for
results we know that this is nowhere near as strotige average voter to understand. However, in gen-
an axiom as strategy-proofness, and we have a&al it is not necessary for the voter to understand
made it clear that this does not imply clarity of votmore than that he should place the candidates in or-
ing on the top position or on the output ordering. der according to his true beliefs. Indeed, the fact that
In choosing between the many possible systertige system is hard to understand should be a strong
which obey just these axioms (SV, SC, UD, RPyisincentive to tactical voting, as the effects of tac-
we concentrated on the one that offers the least efieal voting will be very difficult to predict (and of
ment of surprise in the results given any candidatesurse it cannot alter the pairwise outcome proba-
symmetric prior beliefs, and saw how this is the orlities anyhow).
that minimises the information taken from the votes Discussion of alternative electoral systems should
and maximises the entropy of the output distribwf course also consider some of the other long-
tion. This system is MEVO, the basic “maximunstanding attempts to do better than majority rule, for
entropy voting” system. example Single Transferable Vote (STV). It is the
MEVO0 was shown in experimental simulations tauthors’ hope that consideration of the two candi-
provide very much less unfairness than majority rutiate scenario, as in sections 2.1 and 2.3 above, will
while diminishing overall average satisfaction verguffice to convince the reader that without recourse
little. Inevitably any probabilistic system must into a probabilistic system one cannot avoid the in-
crease micro- and macro-variation compared witterent unfairness of majority rule, whichever of the
any deterministic system (which has none). Sinether deterministic systems one may adopt.
ilarly a probabilistic system would be expected to Others may object that MEVO is likely to elect
increase immoderation when compared with majaniddle-of-the-road candidates and avoid any firm
ity rule (although in fact this is not true if “Win- leadership (as is also claimed against most other
ner'sScore” is used as the satisfaction measurejys of avoiding majority rule). Only real experi-
nonetheless MEVO causes much less increase in iment and time will show whether this is true, and
moderation than Random Dictator does. any system which promotes compromise can be crit-
Neither RD nor MEVO guarantees to elect a Coreised in this way — if you don't like compromise,
dorcet winner. We have however seen from exarthen use Random Dictator, and take a small risk of
ples that MEVO is usually much more likely thargetting a few years of extremist rule! However it
RD to do so where one exists. What both do guas our hope that use of MEVO would lead to a need
antee is that to the extent that the Condorcet wite reach agreement by genuine discussion that con-
ner wins unanimously, to that extent also he will beiders the needs dll parties, before voting, to a
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greater extent than under majority rule. Only theBuinier, Lani (1994).The tyranny of the majority:
can one be reasonably sure of what the outcomefohdamental fairness in representative democracy
the vote will be. New York; London: Free Press.

Finally, since the readership bbting mattersare Hare, Thomas (1873)The Election of Representa-
particularly familiar with STV systems, we comdives, parliamentary and municipad" ed. London:
ment on the relationship between our RP axiokpngmans, Green.
and the concept of Droop Proportionality (Woodaltlorowitz, Donald L. (1991).A democratic South
1994): Africa?: constitutional engineering in a divided so-

ciety. Berkeley; Oxford : University of California
Droop proportionality criterion (DPC): If Press. . . .
there arelV| voters and an election is to Howard, J.V. (1992). ‘A Social Choice Rule and Its
elect M of the availableN candidates Implementation in Perfect EquilibriumJournal of
then we define the Droop Quota to be ~ Economic Theor6(1): 142-59.
VI and require that for an, m € N McLeqnan, A. (.1-950). ‘Randomized preference ag-
\jv”itﬂ 0 <k < m, and for any subset, gregation: additivity of power and strategy proof-
of the set of candidates, if more than nes;'.JoumaI of Economic The_oryzz: 1-11.
k% voters place all members 6, in F’att_le_ c.J, Johnstqn R.J., Fleldhous.e E. (1994).
one of the topn places in their ranking, Gaining on the swings — the changing geogra-
phy of the flow-of-the-vote and government fortunes
in British general-elections, 1979-1992’, Regional
Studies 28 (2): 141-154.

then at least members ofCy should be
elected.

, i ¢ Reilly, Ben (2002). ‘Electoral systems for divided

The DPC is a very different concept o PrO%0cieties’, Journal of Democracy 13 (2): 156-170.

portionality to RP. To see this, consider the Caytterthwaite, M.A. (1975). ‘Strategy-proofness

V] |: 2,m=1, kd?jl (ie. s 2—cand|?atg electlc_)n nd Arrow’s conditions: existence and correspon-
to elect one candidate). Then any election satis dence theorems for voting procedures and social

SWelfare functions’, Journal of Economic Theory 10:
In other words DPC requires fallback, in the 2¢\?7_217 ’ y

candidate situation, to the MR system — totally di ichmann, B.A. (2009). Personal communication.

ferent from the RP requirement that the prObab.\/Voodall, D.R. (1994). ‘Properties of preferential
ity of electing each of the two candidates should kbefection rules”, Voting matters 3: 8-15.

proportional to the number of voters preferring that
candidate.
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Figure 1: Satisfaction statistics in simulated electiddthe three MR is most unfair and least variable,

Satisfaction statistics from 400 experimental elections with 4 candidates
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while MEVO is least unfair, is less immoderate and micraadalé than RD, and has very similar
immoderation to MR (here labelled FPTP).
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Figure 2: An election similar to that of Figure 1, but whererthis a correlation between voter groups and
candidates along an (e.g. left-right) axis.
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9 Appendix - Formal description of iff for all z € X, weQ, andc € C', we have
Maximum Entropy Voting f(@,w) Zpaw ¢

For the purpose of defining the SP axioms we de-

In this appendix we describe the axioms and tliig@e a utility function as a function fror@, D, T', or

MEVO0 system formally. U to R (the real line). A utility functiory : D — R
is defined to be risk-neutral if there exists a util-

. ) ity function h: C — R such that for alld € D,

9.1 Definitions of the axioms 9(d) = Euco.onah(c) = Secch(c)d(c), i.e. if the

Let C denote the (finite) set of Candidates, and V&!ue ofg (d) depends only on the mean of the util-
the number of candidates. ity of ¢ underh whenc is distributed according to

Let V' denote the (finite) set of Voters, endowed It SO, theng will be said to be the yti!ity function
with the uniform probability measurg, . on D induced byh. In an exactly similar way we

Let T denote the set of strong total orderifigs gﬁfge\}\?ee dc:;ir:(:aegltl ?J];ifilt rlfsukr-]zﬁg:]rslolgIgél}nglon
C, andW the set of total orderings off. Small ' y

letters will denote members of the sets denoted B? (\_/acuou_sly) risk-neutral. .
capitals. Given this background the axioms are then de-

Let X denote the set of possible sets of votes l?ned for a probabilistic social welfare functighas

Sllows:
the voters. TherX = WV. .
- o V. F i of X
Let U denote the set of probability distributions SV: For any permutatioy of V" and anyz € X,

o T (2) = f (w0 ).
on T, and D denote the set of probability distribu- SC: For anyj € J, anyz € X, and anyw € Q,

tions onC. _ N L (P () ox,w)=p(j) o f (,w).
Let & denote the underlying probability spac€ ;5" i i automatically met by any PSWF de-
(think of this as the set of possible seeds for ﬂ?ﬁed as above)

random number generator, of very large uncount- 5.
able size), and’, the associated probability mea- RP: Foranyc,, c; € €, anyx € X, then
sure (which we will denote simply when there is Po (c1 <paw) 2)=
no ambiguity). Py (c1 <g() c2) + 3Pv (c1 =20 €2),

Let J denote the set of permutations @f,
and p: J — WW be the function such that forwhere<,, and=,, have the obvious meanings de-
all ¢1,c2 € C and anyw € W, c1 <)) c2 iff rived from the (not necessarily strong) ordering
jle1) <w j(c2). w € W written <,,.

We define a probabilistic decision scheme (PDS) lIA: For anyc;, c; € C, and [for anyz;, z; € X
by abuse of notation as either a measuratgechthatforalb € V,c1 <, () cots c1 <, ) c2l,
function f: X — D or as a measurable functhenPq (c1 <jf(s,w) c2) = Pa (1< f(zs,0)C2)-
tion f: X xQ—C ; it will always be clear WP: For any c¢;,co € C and any z € X,
which is meant by the number of argument§(Vv € V) (c1 <y c2) = Pa (1 <paw) c2) = 1).
We define a probabilistic social welfare function CVP: For any c¢;,co € C,v eV, and [for
(PSWF) by abuse of notation as either a measurabley x1,22 € X suph that [fgr al[v' eV {v}
function f: X — U or as a measurable functiorand allc;, c, € C, ¢; §z1(v’) e clgm(v,) ell,
f:Xx Q —T (smylarly). In both cases we will ¢1 <ar(v) 2= Po (01§f(z1,w)02)2 Py (01§f(z2,w)02)-
only be interested in schemes/functions that add"CVT: For any ¢; € C,v eV, and [for any

tionally meet certain axioms yet to be defined. (Wagahag2 € X such that [for allv’ € v\ {v} and all
assume in both cases that all subsetXaddire con- / ’

! y . S C, ! < ’ . &S e < ’ R
sidered measurable.) 1, %2 €1 S0 () @ 0y () ]
We say that a PSWH : X x Q — T induces ((Vea € C) (1 2y 2))
aPDSf : X xQ—C on a subsetC of C - P, ((VCQE C) (Clzf(zl,w)CQ))

6 We will say thatt is a “total” ordering iff = Po ((VCQE ) (Cl Zf(mvw)CQ)) .

(Ver,e2 € C) (c1 >¢ ca0orcg >t c1) .
(i.e. for any pair of candidates either one is above the other CVO: For any teT,v E/ vV, and [for any
or it is below the other, but can't be unrelated to the other; 1, 3 € X such that [for al’ € V' \ {v} and all
contrast to a “partial” ordering). ¢y, co € C,
We will say thatt is a “strong” ordering iff < N s o< N c
(Ver, e € C) ((e1 >t co and ca >¢ 61) = (c1 = 62)) 1 _Il(v ) 2 1_I2('U ) 2]]’
(i.e. the ordering can't rank two distinct candidates as#iqu =1 (v) =t = Po (f (z1,w) =t) > P (f (z2,w) =1).
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SP (for PDSs (also denoted)): For any risk- intersection of a convex set with the inverse image
neutral utility functionsg: D — R,h:C — R ofasingle-pointset under a linear map.
such thaty is induced byh, and for anyv € V, and ~ We next want to establish th& ! ({S}) is non-
[for any x1, z; € X such that [for a]h)’ eV ,{v} empty, and to that end will exhibit an elementin

andallc;,cy € C, ¢y < (.1 ey 1< (.1 6], it. Letug denote the distribution ofi defined as fol-
@1 (v') @2 (v') : "

((VCl, e € O) (01 > a1 (o) 2 T (c1)> h(cQ))) lows: ug (t) is the probability that a randomly cho-

= g(f(x1)>g (f_(xz)). sen voter orders the candidates according (¥ot-

SP1 (for PSWFs) For any risk-neutral utility €S who vote with a non-strong ordering are divided
functionsg : U — R, h: T — R such thatg is in- UP into several equally-weighted fractional voters
duced byh, and f;)r anyv eV, and [for any who vote with each of the contributory strong or-

21,79 € X such that [for allv’ e V {v} and all derings.) (Intuitivelyug is the output distribution of
o ' ' the RD system.)

€102 € 001 Sy () @ S0 () el ThenBug = S, thereforey # (.
(Yt € T) (h(z1 (v) > k() Now consider the functioii : U — R defined by
=g (f(21)) 2 g(f (x2))

f(u) ==Y u(t)log (u(t))
SP2 (for PSWFs) For any non-empty’ C C teT
the PDS/" induced byf onC’ satisfies SP.

SLA: f is a PSWF that satisfies SV, SC, and RPf gives the entropy of a distributianon T. Then

f is readily verified to be a strictly concave func-

tion onU. Moreover the gradient of is infinite in

9.2 Definition of Maximum Entropy magnitude wherever any point valuét; ) of u ap-
Voting proaches zero, and is then pointing away from the

surfaceu (t1) = 0. Thereforef has a single maxi-

We use the same notation as insection 9.1.  jum on any convex subset 6%, and in particular
Each voter casts his vote by giving a total ordering, Us.

(not necessarily strong) ati. Let
Let s; ; be the fraction of the votes that prefgr

toc;, whereg;, ¢; € C ; avoter that rates two candi-

dates equally preferable counts as half a vote in edah u; is the distribution ori” of maximum entropy

direction, and wheré = j we will sets; ; = 3. Let which satisfiesBu; = S.

uy = argmax, .y, f (u),

S denote the matrix composed of thg;. We will then define the distribution of outcomes
Now let T be the set of strong total orderings ofrom the MEVO system to be;; to obtain the ac-
C. tual ordering that is the outcome, we draw a random

Then for eacht € T' we define pairwise prefer-samplet; fromu;.
ence variableg; ; (t) which are 1 ife; is preferred
to ¢; undert (i.e. if ¢; >4 ¢; ), 3 if i =4, and O 9.3 Axioms adhered to
otherwise. '
Now let U be the set of probability distributionsMEVO satisfies the following axioms:
onT. Then for eachu € U, we define a matrix SV, SC, UD, WP, IIA, ND, RP, CVP.
D (u) whose elementg; ; (u) are the probability ~Moreover MEVO uses only the information i
that under a random orderirtgdrawn fromu can- (the pairwise preference probability matrix) from
didatec; is preferred to candidatg, and which are the votes, and no other. Under MEVO, and any

given by candidate-symmetric prior on the votes, the infor-
dij(u) =Y u(t)d;j(t). mation about the output ordering in the votes is as
The mapB that maps: to D (u) is linear . low as is possible for a system consistent with RP.

Now let B=! ({S}) denote the subséf, of U Moreover it is the unique method with this overall
such thatu € Uy iff we U and Bu = S. Uy is combination of properties.
thus the set of distributions dhthat satisfy the con-  Stated slightly differently, MEVO is the unique
straints imposed by R, is convex since it is the system meeting SLA which uses only, and all of,
T, Tor any twe non-negative real numberand3 which the pairwise preference prob_abil!ties from the voFes,
sumto 1. and ar?;l wy € U 9 and produces an output distribution on the orderings
B (auy + Buy) = D (au; + Buy) = containing as little information about the output or-
aD (uy) + 8D (uz2) = aB (u1) + 6B (uz) . dering consistent with the preceding properties.
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9.4 Proofs j = argmin, ey [ P (v) P (t|v,y) logy 42 (¢, v)
SV, SC, UD are obvious. gy = argmin, ey ([ P (v) P (t|v,y) logy P (t|v,y) d (t,v)
RP holds becausBu; = S. — | P (v) P (t|v,y)logy P (ty) d (t,v))

RP implies CVP, since if we wish to maximise

the probability that the result prefers candidatéo ) , ,
candidate;;, we need to ensure thaBu, ), , = s, ; candldate-symmetrlp, arjn,do_beys SLAP (tly) isa
v . constant varying neither with v, nory. Moreover

is maximised. But; ; is the fraction of the votersP : intearat t10 1 f fixedy and
that preferc; to ¢;, and all that we can do to max- (/v ¥) integrates ovet to 1 for any fixedv a

imise that is ensure that we vatgabove;. RP also ¢ (as itis a probability distribution), ang? (v) inte-
implies I1A and ND trivially. gratesto 1 for the same reason. Therefore the second
To prove WP, note that if all candidates prefer term above does not vary wit} and we have
to ¢;, thens; ; = 1, and hence almost af| (i.e. all
but some with total probability 0 under) preferc;
to ¢;, so the probability of the result preferrirgto
Cj is 1.
It is clear that no information from the votes is
used other tharb, since the only information de-

rived from the votes that enters the systensisOn whereH (T'v, y) = _fP(_ﬂ“fy) logy P (t|v,y) dt,
the other hand, sincé is deducible fromu,, all the the entropy of the output distribution. But our choice
information ins is also inu, ' of the MEVO system fory uniquely maximises

Nonetheless the number of bits of informatiof (1 |v:9) for any fixed v, and hence uniquJ]er
that the votes contain about the orderifgl’; V|y), ma>;|.rg|sesfP(v)H(§|v,%) dv no mattetr) what
given the choice of voting system takes a value candidate-symmetric distributiaf (v) may be.

defined by the relevant probability distributions, and 1 hat concludes the proofs of the formal properties

the equation of MEVO. IIIu_strathns of how it differs from RD in
[(T;V]y) = [ P (t,v]y)log, Pé?'ﬁff)d (t,0), practice are in sections 2.9, 3, and 4 above.

where we envisage the probabilistic model relating

the variables that is shown in Figure 3. Moreovel.0 Appendix — Simulation of voters’

But since P (v) has been assumed to be

o

= argmin,ey I (T; V]y)
= argmin, ¢y [ P (v) P (t|v,y)logy P (t|v,y) d (t,v)
= argmax,cy [ P (v) H (T|v,y) dv

despite the fact that all the informatign abdlt opinions
comes througlt$, I (T; V]y) does vary withy.
For the purpose of the simulated elections of section
@ 5 above, we simulated voters’ opinions as follows.
\?/\ We describe first the set of elections whose results
@_,@ U ‘® are shown in Table 10 and Figure 1, and then indi-
N cate how the second set of elections (of Figure 2)
differs.

We created eight voter interest groups. For each
Figure 3: Relationships between the variables 9r0UP we drew a mean score. on each of the
at an election. fpur ca_mdldates independently from a Beta distribu-
S tion with parameters 0.5, 0.5. For each group we
Now, we have some prior distribution on the votegis, drew independently a single strength of opinion
P (v) whichis candidate-symmetric, and some fixegh|ye,, from a Gamma distribution with parameters
choice of systeny to be determined, from the sét ,, _ 9 . _ (1,
of systems that obey SLA and take only the pairwise \ve assigned each of 50 voters randomly to one
probabl!lty matrix.S from_ the votes. For any fixed o the eight voter interest groups. Each voter's
v there is only one possible value 6f and for any gcore on each candidatewas then drawn inde-
fixed yalue ofS and any choice of systeme Y pendently from a Beta distribution with parameters
there is only one possible value of We assert that yx,,y (1 — x.), with z, andy being the parameters
c? c ) 5

MEVO is the systeny given by appropriate to that voter’s voter interest group. Thus
§ = argmin, oy I (T; Vl]y). the mean score for a voter on candidaveas the ap-
Indeed we have propriate group’s:., and when, was large the score
distribution was tighter around, than wheny was
small.
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The overall effect is therefore that the votersl2 Biographical Sketches
opinions are clustered in eight clusters of varying
tightness, with both tightness and position of thHdoger Sewell is at Cambridge Consultants Ltd, a
clusters in opinion space varying from one simdechnical design consultancy, and specialises in de-
lated election to another. In this first election th¥eloping tractable signal processing solutions to
position of the clusters, though tending to be nearé@mplex problems. He is particularly interested in
edges and corners than in the centre of the 4-d igpplications of probability, including Bayesian in-
percube, are in a sense unprincipled — i.e. theref@ence, to a wide variety of situations. He worked
no link between the opinions of voters in differerereviously as a hospital doctor specialising in renal
groups. medicine, gaining his DM for work on mechanisms

For the second set of elections, instead of usin@hcharge modification in minimal change nephropa-
Beta(0.5, 0.5) distribution for each., we used ei- thy.
ther a Beta(2, 0.5) or a Beta(0.5, 2) distribution, ac- David MacKay studied Natural Sciences at Trin-
cording to whether the parity (oddness or evenned®) College, before heading off to the USA to com-
of the candidate number matched or did not maté#ete a PhD in Computation and Neural Systems at
respectively that of the voter group numbefrhus Caltech. In 1992 he returned to Cambridge as a
we may think, for example, of the odd numbereBoyal Society research fellow at Darwin College. In
candidates as being “right-wing” and the even nurd995 he became a university lecturer in the Depart-
bered candidates as being “left-wing”, and similarljpent of Physics, and in 2003 he was promoted to
for the voter groups; left wing voters are unlikely?e Professor of Natural Philosophy. Prof. MacKay's
to think highly of right wing candidates (and vicdesearch interests are centered on applications of in-
versa). As we have seen, this set of elections bringsmation theory and Bayesian methods, including

out to a rather greater extent how MEVO ameliorat@ror-correcting codes and machine learning.
RD's tendency to immoderation. lain McLean is Professor of Politics, Oxford Uni-

versity and a fellow of Nuffield College. He has
. " held visiting appointments at Stanford, Yale and the
1 Apperldlx - Statlstlcs ,USEd‘tO . Australian gNaE(F))nal universities. He has worked on
describe profile of satisfaction with  the history of social choice and the properties of
results of simulated election electoral systems. His relevant books include 'Con-
dorcet: foundations of social choice and political
For each measure of satisfaction, the followingeory' (with F. Hewitt, 1994) and 'Classics of So-
statistics were calculated: cial Choice' (with A.B. Urken, 1995).

1. Eyevmemwea (a (v, m,w)), whereM is the
set of electionsy the set of voters() the set
of seeds of the random number generator, and
a (v, m,w) the satisfaction of voter in elec-
tion m using random seed, and wherer de-
notes expectation; we refer to this statistic as
“average satisfactiof;

2. Epmem (stdyev (Euea (a (v,m,w)))), where
also std denotes standard deviation; we refer
to this statistic asunfairness’;

3. Emenm (Eueq (stdyev (a (v, m,w)))); we re-
fer to this statistic asifhmoderation”;

4. Epmenm (stdyeq (Evey (a(v,m,w)))); we re-
fer to this statistic asfiacrovariation”;

5. Emem (Evev (stdueq (a (v, m,w)))); we re-
fer to this statistic asricrovariation”.

8 The Beta(0.5, 0.5) distribution has two equal peaks near 0
and near 1 as well as a lesser amount of probability in the lmidd
while the Beta(0.5, 2) distribution is missing the peak rieand
the Beta(2, 0.5) distribution is missing the peak near 0.
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