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1 Introduction

ERBS, as part of their plan to validate all the software used to count elections, have
requested that theMeek algorithm bevalidated.

This request has been interpreted as requesting the ÔvalidationÕof two implemen-
tations of the Meek Algorithm, against the deÞnition given in the original Computer
Journal publication [3], and denoted by CJ.

Thiswork has anumber of facets as follows:

1. A comparison between the two implementations by David Hill (DH) and the
author (BW), written by us both [4].

2. An analysis of theaccuracy requirements for theMeek Algorithm [5].

3. A report on testing both algorithmsagainst aset of over 300 test elections, which
is reported below.

All these three facets arebrought together in theconclusions to thispaper.

2 Testing two implementationsof Meek

Although the comparison paper [4] provides a detailed account of the differences be-
tween the two main implementations, it seems wise to conÞrm the differences by de-
tailed testing. Since some classes of tests are designed to mirror actual elections, one
can estimate theoccurrence of various aspects of thealgorithm.

Both implementationshaverestrictionswhich reducethenumber of testswhich can
be successfully executed. The table below indicates the number of those tests outside
the speciÞcation of each implementation for each directory. The directory CAPT1
contains mainly largeelections which thereforeareoutside thecapacity limitsof DH.

An exact comparison cannot beexpected dueboth to differencesin thespeciÞcation
and due to the breaking of ties. The basic test was to note if exclusions were in the
same order. Given this (which implies the same candidates are elected), then the test
was ÔpassedÕ. If exclusions were in a different order, then the test was investigated
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further. If both implementations reported a tie-break, then this was usually checked
to show that a different tie-break caused the difference in the exclusion order. As
therewerea lot in thisclass, no analysiswasundertaken unless thedifferent exclusion
order caused different candidates to be elected. If either no tie-break was observed
or different candidates were elected, then clearly an investigation is needed, and these
are shown under the ÔSpecial caseÕcolumn in the table below. Several cases arose in
which exclusions were in the same order, but BW reported a tie-break, but DH did not
Ñ thesewerenot always investigated due to theeffort involved.

Directory Cases OutsidespeciÞcation Special
BW DH cases

CAPT1 8 0 7 -
MOCK1 50 0 0 -
MOCK2 41 0 0 -
MOCK3 51 0 0 M112,113,115

M135,142,143
REAL2 4 0 0 R036,052
SEMI1 36 0 1 -
TEST1 50 3 3 T008,017,014

T034,046
TEST2 50 8 6 T073,
TEST3 50 1 1 T134,139,141

T145,149
TEST4 8 0 0 T153,157,158
Total 398 12 18 22

2.1 Test Analysis

This validation work and the testing of the two main implementations has revealed
some issues which need some consideration as detailed below. However, only one
minor defect was found in DH, see Appendix B.1, and one signiÞcant error was found
in BW, seeAppendix B.2, both of which have been corrected.

The issues requiring consideration areas follows (themost important Þrst):

Quota +! . DH adds a small amount to the quota as computed by the published al-
gorithm, following the original concept of Droop. However, this results in one
case in which CJ/BW gives a different result from DH which is really a tie (see
Appendix A.16).

Tie-breaking by an additional rule. DH hasintroduced arulelikethat in many of the
hand-counting rules for breaking a tiebased upon thevotes for thecandidates at
previous stages. To clarify this, David Hill has agreed to produce a message on
the printed output indicating that this rule has been applied (and therefore that a
tie has been broken). One problem with the introduction of this rule is that the
removal of a candidate that has been excluded does not necessarily produce the
same result. For an example of this issue, see Appendix A.10. Also, to aid the
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testing, some tests were re-run with the tie-breaks taken by BW using DH. This
isnot always possibledue to this rule, seeAppendix A.7.

Tie-breaking by rounding. Several test cases were noted in which the mathematical
result was a tie, but one of both the implementations did not report a tie due to
the rounding errors in the computation. For an example of this, see Appendix
A.4.

Excessiveaccuracy. A separatereport notesthat in artiÞcial cases, themathematically
correct result requiresthealgorithm to useexcessivecomputational accuracy. No
instance of this problem arose during testing and it is not thought to be anything
other that a theoretical possibility that the ÔwrongÕresult could be obtained this
way. Additional testswereadded to illustrate the issue, seeAppendix A.20.

Slow convergence. Under certain circumstances, the iterative process used to com-
pute the new quota and votes for each candidate can converge very slowly. This
slow convergence is worse when there are more candidates and can arise in real
elections. However, with the speed of modern computers, the computational
time is not excessive. (An attempt was made to improve the convergence of the
algorithm, but the improvements were too small to be worth implementing, see
Appendix A.15. In any case, the timetaken by computer issmall compared with
any manual method of conducting an STV count.)

3 Conclusions

Both implementationsconform to theprinciplesof theMeek Algorithm. All the issues
identiÞed during thiswork arevery minor (and all thevisibleones involve ties).

Due to the wide usage that David HillÕs system has had, its use is to be recom-
mended. If the limitations of that program are too severe for a speciÞc election, then
my program can beused. If theCSV output is required (bearing in mind its limitations
for Meek), then my program can beused just for that purpose.
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A Test caseanalysis

Each test case requiring study is listed here in alphabetical order.

A.1 M112

In this case, C1 is elected, and a different exclusion occurs with either C20 or C23. In
fact, both C20 and C23 have the same number of Þrst-preference votes and the same
number of transfers from C1. In consequence, the tie is independent of thevalueof the
weight (k in M135) for C1.

A.2 M113

This case is rather different. Both versions initially elect C1 and C2. However, then
David Hill useshis logic to eliminateC11 early. My version Þrst electsC3, C8 and C6,
causing transfers to C11, so that C9 iseliminated Þrst.

A.3 M115

This is essentially the same as M112. The choice between the exclusion of C15 and
C18 was different, but both have no Þrst-preference votes and 4 transfers from the
elected candidate C1.

A.4 M135 (by David Hill)

As noted above, this test produced different results with the two Meek algorithms,
although neither indicated a tie.

The test example was generated by program, but designed to reßect real election
statistics. Twenty-Þve candidates competed for 7 seats, with 679 votes. After the
election of C1, and the exclusion of a number of candidates, David HillÕs program
excludes C13, while the other program excludes C16. Given a different exclusion at
thispoint, thetwo implementationsnaturally divergedueto theeffect of thesubsequent
transfers.

Therelevant votesat thecritical point of excluding C13 or C16 can be found to be:

C1 125k = quota
C13 32 + 4(1 ! k)
C16 33 + (1 ! k)
non-transferable 10 + 7(1 ! k)
quota (679 ! 10 ! 7(1 ! k))/ 8

Equating the two expressions for the quota leads to k = 2/ 3. Thus whether to
exclude C13 or C16 depends on comparing 32 + 4 " 1/ 3 and 33 + 1/ 3, and so it is
really a tie, but for the inevitable rounding errors. Indeed, since 1/3 cannot be exactly
represented in binary, it is clear than equality cannot beexpected in this case.
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Logically, it might be preferable to detect the equality, but some means is still re-
quired to break the tie. Allowing therounding errors to break the tie is thereforesurely
acceptable. However, thisdoes imply that different, logically correct, implementations
can produce different results in cases like this.

A.5 M142

The same situation as M112. C1 is elected, then a different exclusion of C19 and
C22, in which my version makes a random choice. Here, C19 and C22 have the same
number of Þrst-preference votes (11) and one transfer from C1 each. (Mistake in data
ÞleM143, sameas M142!)

A.6 R036

Simpleexample of a random choice due to equality.

A.7 R052

In this case, DH reports 15 tie-breaks and BW 26. Due to this large number, it is not
possible to be sure that the result of electing different candidates is caused by the tie-
breaks alone. Hence the DH implementation was re-run with manual selection at each
tie-break. However, theresult obtained by BW wasnot then produced, sincethechange
in the tie-breaking logic introduced by David Hill did not permit that. In consequence,
it has not been possible to resolve this test, although the differences are surely due to
the tie-breaks.

A.8 T008

Simpleexample of a random choice due to equality.

A.9 T017

Simpleexample of a random choice due to equality.

A.10 T014

Here, a different candidate is elected, even though DH does not indicate a tie-break.
The reason for this is that there isa tieat the last stage, but the tie-breaking rulewhich
David Hill has added to his program chooses a different candidate to elect than the
random choice madeby BW.

A.11 T034

Here, adifferent exclusion order appears, even though DH doesnot indicateatie-break.
The reason for this is that there is a tie at an exclusion, but the tie-breaking rule which
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David Hill has added to his program chooses a different candidate to exclude than the
random choice madeby BW.

A.12 T046

Simpleexample of a random choice due to equality.

A.13 T073

Simpleexample of a random choice due to equality.

A.14 T134

Simpleexampleof arandomchoiceduetoequality onexclusion, resulting inadifferent
election result.

A.15 T139

This test has been chosen to represent the problem of slow convergence. The conver-
gence logic is thesame in DH and BW, but DH uses fewer iterationsdue to thechange
documented in [4]. Theeight caseswith slowest convergence(slowest Þrst) are: R051,
R049, R007, R040, T139, R044, R009, and R050. T139 is taken since it only has 9
candidates, but it is theonly artiÞcial test casesinceall theothers are real elections.

The problem with T139 is clear. If a candidate C is elected and a signiÞcant num-
ber of votes involving C only have preferences for other elected candidates, then the
iterativeprocessreducesthequota. This then impliesthat theweightsmust bereduced,
giving afurther reduction in thequota, etc. Thisprocessconvergesonly very slowly. In
practical elections, it occurs at the later stages when a large fraction of the candidates
can beelected.

Attempts were made to estimate the reduction in the quota to improve the conver-
gence. Unfortunately, theimprovementswerenot good enough to beworth implement-
ing, bearing in mind that the original algorithm is known to be robust (it will always
eventually converge to thesolution).

A.16 T141

In this example, no random choices are reported, but the two versions elect different
candidates. After the transfer of the surplus from the initially elected candidate, two
candidates have the ÔquotaÕ, and since there are two places, it would seem there is no
issue. BW performs the expected action, but with DH, the quota is increased by a
very small amount, so that the second candidate is a very small amount less than the
quota. ThiscausesDH to eliminateother candidates to then havethreecandidateswith
the quota, ignoring rounding. The Þnal decision is then determining by rounding, and
produces adifferent result.
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The two resultsareas follows:

Li cence no: 20 Li censee: Br i an Wi chmann ( 24 Oct 1999)
Ver si on 6. 4. 1 - - RSS r ul es

El ect i on r esul t sheet f or T141: Li chf i el d anomal y
Number t o be el ect ed = 2

Tot al val i d vot e = 48

Count 1 Count 2 Count 3 Count 4
To el ect To excl ude To excl ude To excl ude

A E D C
To el ect

B

Quot a 16. 000 16. 000 16. 000 16. 000

A 20. 000 80. 0% 16. 000 80. 0% 16. 000 80. 0% 16. 000 El ect ed
B 13. 000 100. 0% 13. 000 100. 0% 14. 000 100. 0% 16. 000 El ect ed
C 12. 000 100. 0% 16. 000 100. 0% 16. 000 100. 0% 16. 000
D 2. 000 100. 0% 2. 000 100. 0% 2. 000 0. 0% 0. 000
E 1. 000 100. 0% 1. 000 0. 0% 0. 000 -

N/ T 0. 000 0. 000 0. 000 0. 000

Tot al 48. 000 48. 000 48. 000 48. 000

El ect i on f or : T141: Li chf i el d anomal y
Dat e: Fr i , 31 Mar 2000. 07: 56: 36
Number t o be el ect ed: 2
Val i d vot es: 48
I nval i d vot es: 0
Quot a: 16. 00
BAW - Meek- Ar ch : ver si on 1. 23
El ect i on r ul es: Meek

St age 2 St age 3 St age 4
Fi r st Sur pl us of Sur pl us of

Candi dat es Pr ef er ences A C
- - - - - - - - - - - - - - - - +- - - - - - - - - - - +- - - - - - - - - - - +- - - - - - - - - - - +- - - - - - - - +
A 20 - 4. 00 16. 00 16. 00 El ect ed
B 13 13. 00 13. 00
C 12 +4. 00 16. 00 16. 00 El ect ed
D 2 2. 00 2. 00
E 1 1. 00 1. 00
- - - - - - - - - - - - - - - - +- - - - - - - - - - - +- - - - - - - - - - - +- - - - - - - - - - - +- - - - - - - - +
Non- t r ansf er abl e 0. 00 0. 00
Tot al s 48 48. 00 48. 00
- - - - - - - - - - - - - - - - +- - - - - - - - - - - +- - - - - - - - - - - +- - - - - - - - - - - +- - - - - - - - +
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A.17 T145

In this test case, exclusions are in a different order, but DH reports no tie-break while
BW does. The reason for this is thechange in the tie-breaking logic in DH.

A.18 T149

In this test case, the exclusions are in a different order, obtaining a different result,
although both versions report a tie-break. This is an artiÞcal test case with most of
the candidates with the same Þrst preference votes. The differences between the two
implementations arecaused by simple tie-breaks.

A.19 T153

Simpleexample of a random choice due to equality.

A.20 T157

This example is based upon that give in [5], but requires an accuracy of roughly 1 part
in 1011. The internal accuracy of DH implies that this test fails, but BW passes. Hence
DH makes a random choice for exclusion which could imply that the voter with the
algebraically smallest number of votes isnot excluded.

A.21 T158

This example is based upon that give in [5], but requires an accuracy of roughly 1 part
in 1015. The internal accuracy of both DH and BW implies that this test fails in each
case.

B A defect and an error

Since both these problems have now been corrected, their importance is mainly in
indicating thepotential risksof further undetected problems.

B.1 A defect

When the number of votes exceeded the limit which invokes a warning message (set
at 99,999 votes), David HillÕs program sometimes looped (tests T005 and T156). This
defect has sincebeen corrected.

B.2 An error

There was a simple coding error in my version of Meek which did not allow for the
invalid votes when computing the quota. This was not noticed immediately, since so
few of the tests in thedatabase contain invalid votes.
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